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Abstract— The impulse control problem with unbounded cost functional is different from the bounded case. 

We prove comparison result of viscosity solution by converting the unbounded value function into bounded 

one by suitable transformation and prove that the value function is the unique viscosity solution of the 

related first order Hamilton–Jacobi quasi-variational inequality (QVI). We construct a time discretization 

scheme for the QVI and prove that the approximate value function exists, that it is the unique solution of 

the approximate QVI. We also prove that the solution of the time discretization scheme converges to the 

viscosity solution of the QVI, when the discretization step goes to zero. The optimal control of the time 

discrete system determined by the corresponding dynamic programming is a minimizing sequence of the 

optimal feedback control of the impulse control problem. 

Keywords— Impulse control system; Viscosity solution; Hamilton-Jacobi quasi-variational inequality; 

Uniqueness; Approximation schemes 

 
I. INTRODUCTION 

The optimal feedback control can be constructed based on the approximation of viscosity solution, if the convergence of 

the approximation is proved. We refer to [1, 3, 4, 10-12, 24] for studies of the existence and uniqueness of the viscosity 

solution to HJB equation. More recent efforts in solving numerically the HJB equation for finite-dimensional control 

problems can be found in [8, 9, 13, 15, 21- 23, 27, 28]. In recent work [17] author has studied regularity results for the value 

function of the infinite horizon impulse control problem with bounded cost functions, and shown that it is the unique 

bounded and uniformly continuous viscosity solution of the associated QVI. Also has shown that the approximate value 

function converges locally uniformly, towards the value function of the impulse control problem, when the discretization step 

h goes to zero.  In the case of finite horizon impulse control [6], the discretization is based on Euler scheme with step h. In 

the previous literature, authors in [5] use the approach of changing the original infinite horizon impulse control problem into 

another one equivalent without impulses, by adding one state variable, in order to use the classic dynamic programming 

theory. 

In [19], where weaker assumptions on data are examined, the authors consider some general impulse control problems 

with a stopping time control. They assume that the number of impulses is finite and that both continuous and impulse 

controls have values in compact sets. The authors prove that the approximate value function converges uniformly to the value 

function of the impulse control problem. In [20], the authors study the same problem in the stationary case. 

Authors studied the impulse optimal control problem with unbounded cost and shown that the value function of the stopping 

time problem is the unique viscosity solution in a suitable subclass of continuous functions, of the associated QVI. [25] 

In an earlier work, Dharmatti and Ramaswamy [14] have studied model of hybrid control system in which both discrete 

and continuous controls are involved and shown that value function is unique bounded and Hölder continuous viscosity 

solution of associated quasi-variational inequality (QVI). The case of hybrid control problem with unbounded cost functional 

was studied in Barles et al. [2]. 
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In [18, 26], the authors have shown a numerical scheme for constructing hybrid control in feedback form for the control 

problem of the type studied in infinite horizon case. 

In this paper, we study a deterministic infinite horizon, mixed continuous and impulse control problem with unbounded 

cost functions. 

We prove that the value function of the control problem is the unique viscosity solution of the related first order Hamilton–

Jacobi quasi-variational inequality. 

The major difficulties arise due to unboundedness of value function. 

The proof in the case of bounded value function will not work for unbounded cost functional. 

In the previous literature, authors in [1] use the approach of transforming the original HJB equation for the minimum time 

problem into another equation with the good structure to apply the comparison results, by the exponential transformation, 

also named the Kruzkov transformation. 

To treat the case of unbounded value functions, we convert these value functions to bounded ones using exponential 

transformation and prove comparison result. 

Then in a suitable function class, we prove that value functions are unique viscosity solutions of QVI’s. We also construct 

a time discretization scheme for the QVI and prove that the approximate value function exists, that it is the unique solution of 

the approximate QVI.  

We also prove that the solution of the time discrete scheme converges to the viscosity solution of the QVI, when the 

discretization step goes to zero, and prove that the optimal control of the time discrete system determined by the 

corresponding dynamic programming is a minimizing sequence of the optimal feedback control of the impulse control 

problem. 

 

II. SETTING OF THE PROBLEM AND ASSUMPTIONS 

 We consider a mixed continuous and impulse control problem: 
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, where )(y is a state,
 

)(u being the continuous control, }){},({ kk w being the impulse control, Nkk )( is a non-decreasing 

sequence of positive reals   which satisfies: +→k  when +→k and 00 = . 

 Also, }:|),0[:)({)( measurableuUuUu →= , Wwk  ; and pm RWRU  , are both  compact sets. The control 

system can be transferred into the state of predefined set 
nRD   at any time by the state transition mapping  

DWRg n →:  according to the controller’s decision and  )(),( +−
kk yy   denotes respectively state before and after jump of 

the system at time k .  

  We denote by }){},{),(( kk wu  =  the hybrid control and by )(xy  the trajectory starting from the initial state x at time t. 

If we denote all possible hybrid control set by , we associate the cost defined by 
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, where 0 is the discount factor. 

  The value function v of the impulse control problem is defined as   

),(inf)( 


xJxv


= . 

We make the following assumptions for the impulse control problem: 

(A1): DWRgRURf nnn →→ :,:  is respectively continuous and satisfies the following conditions: 
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yxLuyfuxfUuRyxL f
n

f −− ),(),(,,,,0  

yxLwygwxgWwRyxL g
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g −− ),(),(,,,,0  

f
n

f MuxfUuRxM  ),(,,,0  

(A2): RWRRURl nn →→ :,:   is respectively nonnegative continuous function and satisfies the following 

conditions: 

yxLuyluxlUuRyxL l
n

l −− ),(),(,,,,0  

)1(),(,,,0 xCuxlUuRxC n +  

                                            yxLwywxWwRyxL n −−   ),(),(,,,,0  

                                            )1(),()1(,,,0 xCwxxmWwRxm n ++   

(A3): 
nRD  is a nonempty bounded closed set and satisfies   

RxDxR  ,,0 . 

Remark 2.1.  In [25], the authors consider impulse control systems, mixed continuous and impulse control: 
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They assume that the discount factor fL , where fL  is the same in (A1).  

 

III. LOCALLY LIPSCHITZ CONTINUOUS OF THE VALUE FUNCTION AND THE UNIQUENESS OF THE 

VISCOSITY SOLUTION 

  For the value function, the following fundamental equation of dynamic programming hold: 

 

Lemma 3.1.  

1)  For all 0s , we have 
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2)  There exists 00 s  such for all 00 ss  , we have 
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, where  ),()),((inf)( wxwxgvxMv
Ww

+=


 .  

Theorem 3.2. Assume (A1) and (A2) for the impulse optimal control problem Eq. (1) and Eq. (2). Then, for the value 

function ),( xtv , we have 

)1()(,,0 xCxvRxC n + . 

Moreover, if 1,  gf LL , the value function v  is Lipschitz continuous. That is, the following holds:  

zxCzvxvRzxC n −− 11 )()(,,,0  .              (5) 

Remark 3.3. In [17], the authors proved that the value function is Lipschitz continuous when 1,  gf LL  for the infinite 
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time impulse problem with unbounded cost functional.  

Now, for arbitrary 0 , denote spaces of )( nRCu  such that 

0)(lim =
−



x

x
exu


 

as )( nRE .  By Eq. (2), the value function v satisfies )( nREv  .  

Definition 3.4. Let be RRu n →: continuous. For arbitrary )(1 nRC , at local minimum point (local maximum point) 

nRx of −u  if  

0))}(,()(),()(max{ +− xDxHxuxMuxu   

)0))}(,()(),()((max{ +− xDxHxuxMuxu   

, we say that u is a viscosity super-solution (sub-solution) of Hamilton-Jacobi QVI:  

nRxxDxHxuxMuxu =+− ,0))}(,()(),()(max{  .        (6) 

  If u  is both a super and sub-solution of Eq. (6), we say that u  is a viscosity solution of Eq. (6), where  

)},()),(({min)( wxwxguxMu
Ww

+=


. 

By lemma 3.1, we obtain that the value function )(xv is a viscosity solution of Eq. (6) for the impulse optimal control 

problem Eq. (1) and Eq. (2), where  

)},,(),,({sup),,( uxtlpuxtfpxtH
Uu

−−=


. 

Now, let’s consider a function )()()( xexvxu −= when )(xv  is a value function of impulse optimal control problem Eq.(1) 

and Eq.(2) 

, where +→ RRn:  is a smooth function such that
 

nRxxD  ,1)(  

and RxxxRxx 2,)1()(,,0)( 2/12
+==  . 

   R  is the same in the assumption (A3).  

Lemma 3.5. Assume that )(xv is a viscosity solution of Eq. (7). Then for any 0 , )()()( xexvxu −= is a viscosity solution 

of Hamilton-Jacobi QVI 

0))}(,()(),()(max{ =+− xDuxHxuxuMxu               (7) 
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Remark 3.6. Let )(xv  be a value function of the impulse optimal control problem Eq. (1) and Eq. (2). Then, instead Eq. (2) 

)()()( xexvxu −= is a value function when the cost function is   
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Lemma 3.7. Let )(xu  be Lipschitz continuous. Then function
 

)(xuM  is also bounded Lipschitz continuous.  

Theorem 3.8. Assume (A1) - (A3) hold for the impulse optimal control problem Eq. (1) and Eq. (2).  Let 

)(, 21
nREvv  be respectively continuous viscosity sub and super solution of Eq. (7) for

fM


 0 .  Then we 
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get nRxxvxv  ),()( 21 .  

Theorem 3.9. Let )(xv be a value function of the impulse optimal control problem Eq. (1) and Eq. (2) and assume (A1)-

(A3). Then, the value function )(xv  is the unique uniformly continuous viscosity solution of the Hamilton-Jacobi QVI Eq. 

(6). 

 

IV. THE CONVERGENCE OF THE APPROXIMATION SCHEME FOR VALUE FUNCTION  

Consider the time discretization case. Choose the time step
 

)0( 0hhh  and ,...2,1,0, == jjht j
, where }/1,1min{0 h . 

Then if we choose time step h  small enough, we can consider that the operator's state jump time }{ k is  

approximately 
kjk t . Then we have the discrete control system: 
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, where hjtjhttuutyy kkjjjjjj k
===== ,),(),(  and ),( 111 −−−

−
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kkkk jjjj uyhfyy . 

The cost functional and value function to the discrete system Eq. (8) are defined, respectively, by 
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wu
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Lemma 4.1. The value function hv satisfies  

h
h

h
h

h

Uu
h RxxvMuxhfxveuxhlxv ++= −


)],())},,((),({infmin[)(                 (10) 

, where ))},((),({min)( wxgvwxxvM h
w

h
h +=  . 

Theorem 4.2.  Assume (A1) and (A2). Then hv is non-negative and satisfies: 

)1()(,,0 xCxvRxC h
n + . 

Moreover, for 1,  gf LL , hv  is Lipchitz continuous, i.e. 

zxCzvxvRzxC hh
n −− 11 |)()(|,,,0 .                              (11)                         

Lemma 4.4. hh vu ,  are bounded and uniformly continuous in any compact subset )( KDRK n  .   

Then the following statements hold. 

1. h
hvM is bounded and uniformly continuous in K .  

2.  If hh vu  , then h
h

h
h vMuM  . 

3. When 10   , we have
 

))1(()1( hh
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h
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h
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   Define the following operator: 
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Then, (10) can be rewritten as 

n
hh RxxTuxu = ),)(()( .  

   By the definition of the operator and lemma 4.4, we get the followings. 

Lemma 4.5. hh vu , are bounded and uniformly continuous in any compact subset )( KDRK n  . 

1. hTv is bounced and uniformly continuous in K  . 

2. If hh vu  , then hh TvTu  . 

3. When 10   , we have
 

                                    ))1(()1( hhhh vuTTvTu  −+−+ .  

Theorem 4.6. Assume (A1) - (A3) and
fLhh  ,0 0

.  

Then the time discretization Hamilton-Jacobi QVI Eq. (10) has the unique solution in
nR .          

Theorem 4.7.  Let )(xv be the value function of the impulse optimal control problem Eq. (1), Eq. (2). 

If 1,,0 0  gf LLhh  , then
 hv  converges to v uniformly as 0→h  for any compact subset )( KDRK n  .  

 

V. APPROXIMATION OF THE OPTIMAL FEEDBACK CONTROL 

Define the following equation for the value function hv of the time discretization problem Eq. (8) and Eq. (9).  

)))(,(())(,())},((),({inf **
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h
jhjjjh

h
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)))(,(())(,())},((),({min **
jjhjjjhj

w
j ywygvywywygvwy +=+=                                    (13) 

Construct an admissible control }){},{},({ kkj wu  for the time discretization problem as follows.  

If 1,0, 1 −= jjm jj  , we set
 

)(**
jhhj yuu = and we get 1,0},{ jjy j =  from       

xyuyhfyy hjjjj =+=+ 0
*

1 ),,( . 

If 1,0, 1 −= jjm jj  , we set 01 =j . 

 And if
11 jjm  , we set )(,

1
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111 jywwj == and state before jump −

1j
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111
wygy jj

−+ =  by the state  

transition function and we get )(
1

* +
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)(
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* +
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jhhjj yuuy = .  

Consider the control sets }{},{},{ **
kkkj wu   obtained from the Eq. (12) and Eq. (13) and 
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Lemma 5.1. Let hv  be a value function for the time discretization Eq. (8) and Eq. (9). 

Then we get 

}){},{},{,()( **
kkkjkh wuxJxv = . 

Theorem 5.2. Suppose that 1,,0 0  gf LLhh  and hv is the value function of the time discretization problem Eq. (8) 
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and Eq. (9). If Kx  for every compact subset nRK  , suppose that    

,...2,1,0),,[,)( 1
** == + jttuu jjhjh   

for control sets }{},{},{ **
kkhj wu  obtained from Eq. (12), Eq. (13) and Eq. (14).  

Then we have  

)(}){},{},{,(lim **

0
xvwuxJ kkk

h
=

→
 . 

 

VI. CONCLUSIONS 

We prove the comparison result of viscosity solution by converting the unbounded value function into bounded one by 

suitable transformation and prove that the value function is the unique viscosity solution of the related first order Hamilton–

Jacobi quasi-variational inequality.The convergence of the approximation schemes for value function and optimal feedback 

control based on discrete time Dynamic Programming are proved. 
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