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Abstract— The impulse control problem with unbounded cost functional is different from the bounded case.
We prove comparison result of viscosity solution by converting the unbounded value function into bounded
one by suitable transformation and prove that the value function is the unique viscosity solution of the
related first order Hamilton—Jacobi quasi-variational inequality (QVI). We construct a time discretization
scheme for the QVI and prove that the approximate value function exists, that it is the unique solution of
the approximate QVI. We also prove that the solution of the time discretization scheme converges to the
viscosity solution of the QVI, when the discretization step goes to zero. The optimal control of the time
discrete system determined by the corresponding dynamic programming is a minimizing sequence of the
optimal feedback control of the impulse control problem.

Keywords— Impulse control system; Viscosity solution; Hamilton-Jacobi quasi-variational inequality;
Uniqueness; Approximation schemes

L INTRODUCTION

The optimal feedback control can be constructed based on the approximation of viscosity solution, if the convergence of
the approximation is proved. We refer to [1, 3, 4, 10-12, 24] for studies of the existence and uniqueness of the viscosity
solution to HIB equation. More recent efforts in solving numerically the HIB equation for finite-dimensional control
problems can be found in [8, 9, 13, 15, 21- 23, 27, 28]. In recent work [17] author has studied regularity results for the value
function of the infinite horizon impulse control problem with bounded cost functions, and shown that it is the unique
bounded and uniformly continuous viscosity solution of the associated QVI. Also has shown that the approximate value
function converges locally uniformly, towards the value function of the impulse control problem, when the discretization step
h goes to zero. In the case of finite horizon impulse control [6], the discretization is based on Euler scheme with step /. In
the previous literature, authors in [5] use the approach of changing the original infinite horizon impulse control problem into
another one equivalent without impulses, by adding one state variable, in order to use the classic dynamic programming
theory.

In [19], where weaker assumptions on data are examined, the authors consider some general impulse control problems
with a stopping time control. They assume that the number of impulses is finite and that both continuous and impulse
controls have values in compact sets. The authors prove that the approximate value function converges uniformly to the value
function of the impulse control problem. In [20], the authors study the same problem in the stationary case.

Authors studied the impulse optimal control problem with unbounded cost and shown that the value function of the stopping
time problem is the unique viscosity solution in a suitable subclass of continuous functions, of the associated QVI. [25]

In an earlier work, Dharmatti and Ramaswamy [14] have studied model of hybrid control system in which both discrete
and continuous controls are involved and shown that value function is unique bounded and Holder continuous viscosity
solution of associated quasi-variational inequality (QVI). The case of hybrid control problem with unbounded cost functional
was studied in Barles et al. [2].
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In [18, 26], the authors have shown a numerical scheme for constructing hybrid control in feedback form for the control
problem of the type studied in infinite horizon case.

In this paper, we study a deterministic infinite horizon, mixed continuous and impulse control problem with unbounded
cost functions.

We prove that the value function of the control problem is the unique viscosity solution of the related first order Hamilton—
Jacobi quasi-variational inequality.

The major difficulties arise due to unboundedness of value function.
The proof in the case of bounded value function will not work for unbounded cost functional.

In the previous literature, authors in [1] use the approach of transforming the original HIB equation for the minimum time
problem into another equation with the good structure to apply the comparison results, by the exponential transformation,
also named the Kruzkov transformation.

To treat the case of unbounded value functions, we convert these value functions to bounded ones using exponential
transformation and prove comparison result.

Then in a suitable function class, we prove that value functions are unique viscosity solutions of QVI’s. We also construct
a time discretization scheme for the QVI and prove that the approximate value function exists, that it is the unique solution of
the approximate QVI.

We also prove that the solution of the time discrete scheme converges to the viscosity solution of the QVI, when the
discretization step goes to zero, and prove that the optimal control of the time discrete system determined by the
corresponding dynamic programming is a minimizing sequence of the optimal feedback control of the impulse control
problem.

I1. SETTING OF THE PROBLEM AND ASSUMPTIONS
We consider a mixed continuous and impulse control problem:

(@)= f(@),u(D),7 €7, ,7;)
»(0) = x (1

y(T) =g ). we)
, where y(-) is a state, u(7) being the continuous control, ({z,},{w,}) being the impulse control, (z,),y is a non-decreasing
sequence of positive reals which satisfies: 7, — +oo when k —+ocandz, =0.
Also, u(-)eU ={u(-):[0,00) > U |u: measurable} , w, eW ; and U < R",W < R” are both compact sets. The control

system can be transferred into the state of predefined set D < R" at any time by the state transition mapping

g:R" xW — D according to the controller’s decision and y(z} ), y(z;) denotes respectively state before and after jump of

the system at time 7, .

We denote by 6 = (u(-),{z;},{w,}) the hybrid control and by y (z) the trajectory starting from the initial state x at time ¢.
If we denote all possible hybrid control set by ®, we associate the cost defined by

J.0)= [ 1 @u@)e dr + 3 plr () m)e ®

leN
, where A > 0 is the discount factor.
The value function v of the impulse control problem is defined as

v(x)=inf J(x,0) .
6cO

We make the following assumptions for the impulse control problem:

(Al): f:R"xU - R",g:R"xW — D is respectively continuous and satisfies the following conditions:

www.aipublications.com Page | 61



http://www.aipublications.com/

Kim and Hong International Journal of Chemistry, Mathematics and Physics (IJICMP), Vol-9, Issue-4 (2025)

AL, >0,Vx,y e R"NYueU,|f(x,u)— f(yu)| < L|x -y
3L, >0,Vx,y e R",Vwe W,||g(x, w)—g(y, w)" < Lg"x—y"
M ;>0,VxeR",VueU,|f(xu)| <M,

(A2): [:R"xU —> R ,p:R"xW — R is respectively nonnegative continuous function and satisfies the following

conditions:

3L, >0,Vx,ye R",Vu eU,|l(x,u)—l(y,u)| SLl"x—y”

3C>0,Vxe R"VueU,

I(x,u)| < C(1+|x])
3L, >0,Vx,y e R",Ywe W |p(x,w)— p(y.w)| < L,|x—y|
Im, >0,VxeR",Ywe W, m,(1+|x]) < px,w) < C(1+]x])
(A3): D < R" is a nonempty bounded closed set and satisfies
3R > 0,Vx e D,||x| < R.

Remark 2.1. In [25], the authors consider impulse control systems, mixed continuous and impulse control:

y(@) = f((0),u(r)),7 €[r;,7;)
»(0)=x
(@) = y(r )+ w,

They assume that the discount factor 2 > L, where L, is the same in (A1).

II1. LOCALLY LIPSCHITZ CONTINUOUS OF THE VALUE FUNCTION AND THE UNIQUENESS OF THE
VISCOSITY SOLUTION
For the value function, the following fundamental equation of dynamic programming hold:

Lemma 3.1.

1) Forall s >0, we have

V)= %%E{If 10, @ u(@)e “dr+ Y p(r, (7)) w)e ™ +eu(y, (s))} )

7 <s

2) There exists s, >0 such forall 0 <s <s,, we have
v(x) = mjn{Mv(x), i(r)lfu( j(jz( Y (D)u(t))e dr +e P u( yx(s)))} (4)

- where Mv(x) = inf (g(x, W) + p(x,w)} .

Theorem 3.2. Assume (Al) and (A2) for the impulse optimal control problem Eq. (1) and Eq. (2). Then, for the value
function v(¢, x) , we have

3C>0,Vx € R",v(x) < C(1+|]).
Moreover, if 4 > L,,L, <1, the value function v is Lipschitz continuous. That is, the following holds:

3C, >0,Vx,z € R",

v(x) —v(2)| < Cifx -7 - (5)

Remark 3.3. In [17], the authors proved that the value function is Lipschitz continuous when 4> L,,L, <1 for the infinite
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time impulse problem with unbounded cost functional.

Now, for arbitrary & > 0, denote spaces of u € C(R") such that

lim u(x)e M =0
J o0

as E,(R"). By Eq. (2), the value function v satisfiesv € E (R") .

Definition 3.4. Let be u: R” — R continuous. For arbitraryy e C'(R"), at local minimum point (local maximum point)
xeR"of u—y if
max{u(x)—Mu(x), Au(x)+ H(x,Dy(x))} >0
(max{u(x) — Mu(x), Au(x)+ H(x,Dy(x))} <0)
, we say that u is a viscosity super-solution (sub-solution) of Hamilton-Jacobi QVI:
max{u(x) — Mu(x), Au(x)+ H(x,Dy(x))}=0,xe R". (6)
If u is both a super and sub-solution of Eq. (6), we say that u is a viscosity solution of Eq. (6), where
Mu(x) = minfu(g(x,w)) + p(x, W)} .
By lemma 3.1, we obtain that the value function v(x) is a viscosity solution of Eq. (6) for the impulse optimal control
problem Eq. (1) and Eq. (2), where
H(t,x,p)=sup{—f(t,x,u) - p—I(t,x,u)}.

uelU
Now, let’s consider a function u(x) = v(x)e ***“) when v(x) is a value function of impulse optimal control problem Eq.(1)
and Eq.(2)
, where £:R" — R™ is a smooth function such that ||Dr§(x)|| <l,xeR"

and £(x) = O, < R, &£(x) = (1+ )%, || > 2R.

R is the same in the assumption (A3).

Lemma 3.5. Assume that v(x) is a viscosity solution of Eq. (7). Then for anya >0, u(x) = v(x)e W is a viscosity solution

of Hamilton-Jacobi QVI
max {u(x) — Mu(x), Au(x) + H (x, Du(x))} = 0 7)

, where Mu(x) = min ¢~ (g (x,w) + p(x, W)}

ﬁ(x,Du(x)) =sup{—f(x,u) - (Du(x) + cu(x)D&(x)) — e’“g(”l(x,u)} .

uelU

Remark 3.6. Let v(x) be a value function of the impulse optimal control problem Eq. (1) and Eq. (2). Then, instead Eq. (2)

u(x) = v(x)e ™ is a value function when the cost function is

J@.%,0)= [ 10, (@) ueNe e “Odr+ Y p(y,(r;) w)e e .
keN
Lemma 3.7. Let u(x) be Lipschitz continuous. Then function ]\_4u(x) is also bounded Lipschitz continuous.
Theorem 3.8. Assume (Al) - (A3) hold for the impulse optimal control problem Eq. (1) and Eq. (2). Let

v;,v, € E,(R") be respectively continuous viscosity sub and super solution of Eq. (7) for0<a<i. Then we
!
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getv (x) <v,(x),xe R".

Theorem 3.9. Let v(x) be a value function of the impulse optimal control problem Eq. (1) and Eq. (2) and assume (Al)-
(A3). Then, the value function v(x) is the unique uniformly continuous viscosity solution of the Hamilton-Jacobi QVI Eq.

(6).

Iv. THE CONVERGENCE OF THE APPROXIMATION SCHEME FOR VALUE FUNCTION
Consider the time discretization case. Choose the time step /(0<% < hy)and¢; = jh, j=0,1,2,..., where hy <min{1,1/ A} .

Then if we choose time step /# small enough, we can consider that the operator's state jump time {r, } is

approximately 7, ~¢; . Then we have the discrete control system:

YVinn=Y; +hf()’j:uj)5j:051’2"'
Yo =X ®
v, =8 W)

swhere y; = y(t)),u; =u(t;),t; = jh,t; =7, =jih andyjk' =Y, athf (v, _u; )

The cost functional and value function to the discrete system Eq. (8) are defined, respectively, by

yCotu bz b= 20 B e 3 pr "owe o min - ©)
" ;
cwhere, ()= inf (ot} (5 D)
Lemma 4.1. The value function v, satisfies
v, (x) = min[inf {A1(x,u) + e v, (x+hf (x,u))},M"v, (x)],x € R" (10)
, where thh (x)= mvivn {p(x,w)+v,(g(x,w))}.
Theorem 4.2. Assume (A1) and (A2). Then v, is non-negative and satisfies:
3C > 0,Yx e R", v, (x) < C(1+|x) -
Moreover, for A > L,,L, <1, v, is Lipchitz continuous, i.e.
3C > 0,Vx,z e R",|v,(x)=v,(2) | a”x - z” (11)

Lemma 4.4. u,,v, are bounded and uniformly continuous in any compact subset K < R"(D c K).
Then the following statements hold.
1. M hvh is bounded and uniformly continuous in X .
2. Ifu, <v,, thethu,1 < Mth .

3. When0< <1, we have

M "y (L= )M v, < M (g, + (1= p)v,,) -

Define the following operator:

(Tu,, )(x) := min[ inf {hl(x,u)e ") 4 g Mgt SO Cu0=SNy (e 4 bf (x,u))}, M "u, (x)].
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Then, (10) can be rewritten as
u,(x)=(Tu,)(x),x€R".

By the definition of the operator and lemma 4.4, we get the followings.
Lemma 4.5. u,,v, are bounded and uniformly continuous in any compact subset K = R"(D c K).

1. Tv, is bounced and uniformly continuous in X .

2. Ifu;, <v,,thenTu, <Tv,.

3. When0 < <1, we have

Ty, + (A= )Tv, ST (py, + (1= p)vy,) .

Theorem 4.6. Assume (A1) - (A3) and0 </ <hy,A>L,.

Then the time discretization Hamilton-Jacobi QVI Eq. (10) has the unique solution in R" .
Theorem 4.7. Let v(x) be the value function of the impulse optimal control problem Eq. (1), Eq. (2).

If0<h<hy,A>L,, L, <1, then v, convergesto v uniformly as /2 — 0 for any compact subset K  R"(D c K) .

V. APPROXIMATION OF THE OPTIMAL FEEDBACK CONTROL
Define the following equation for the value function v, of the time discretization problem Eq. (8) and Eq. (9).

my =inf (i) + e v, (v; + B (v )y = Bl () + e v (v + 1 () (12)

@; =min{p(y;, w)+v,((y;, W)} = P, W (7)) + V(81w (7)) (13)

Construct an admissible control ({u ;}, {7, }, {w; }) for the time discretization problem as follows.

Ifm; <w;,j=0,j; -1, we set uzj :uZ(yj)andweget ;1,7 =0,/ from

Vi =V () v, =X
Ifm, >a)j,j:m,we set j, =0.
Andifm; >, , weset 7; = Ji ,Wl* = W*(yj] ) and state before jump y;, movesto y* =g(y; ,w) by the state
transition function and we get u, ( Vi ") from Eq. (12) and Eq. (13). Then, represent y;'-l and
uy(v7) a8 ¥y =1, ().

Consider the control sets {”Zi}’ {r,},{w, } obtained from the Eq. (12) and Eq. (13) and

yj+l :y_/ +hf(yj3uhj*)aj 203152"-
Vo= x’xeR" . (14)

v, =g, W)
Lemma 5.1. Let v, be a value function for the time discretization Eq. (8) and Eq. (9).

Then we get
Vi () = T (0, fug 3 4oy s w3

Theorem 5.2. Suppose that 0 </ </hy,A>L,,L, <landv,is the value function of the time discretization problem Eq. (8)
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and Eq. (9). If x € K for every compact subset K = R", suppose that
u,:(r) = uzj,r €lt;,t,,4),7=0L2,..
for control sets {u,:j}, {z,}, {w,t} obtained from Eq. (12), Eq. (13) and Eq. (14).

Then we have

lim.J (v, fu } {7, ) = v()

VL CONCLUSIONS
We prove the comparison result of viscosity solution by converting the unbounded value function into bounded one by
suitable transformation and prove that the value function is the unique viscosity solution of the related first order Hamilton—
Jacobi quasi-variational inequality.The convergence of the approximation schemes for value function and optimal feedback
control based on discrete time Dynamic Programming are proved.
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