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Abstract— Let A be a square matrix satisfying A3=-A. We establish a method to find the solution of the Yang-

Baxter matrix equation AXA=XAX in the case where the matrix A is a diagonalizable matrix with three 

different eigenvalues. Finally, we introduce a numerical example to demonstrate our method. 

Keywords— diagonalizable matrix, Yang-Baxter matrix equation, Jordan form, eigenvalue. 

 

I. INTRODUCTION 

Let A be an n×n complex matrix. The quadratic matrix equation 

AXA=XAX                                 (1.1) 

is called the Yang-Baxter-like matrix equation.  

Eq.(1.1) has its origin in the classical Yang-Baxter equation proposed in 1967 during the study of the multibody problem in 

nuclear physics [13]. The Yang-Baxter equation has applications in many fields of mathematics and physics, such as statistical 

mechanics, quantum field theory, differential equations, and knot theory. 

Although much work has been done to find solutions to the Yang-Baxter equation in quantum field theory, no systematic 

study of Eq. (1.1) as a purely linear algebraic problem has been carried out. For one reason, finding the solution of Eq. (1.1) is 

equivalent to finding the solution of a system of n2 quadratic equations with n2 independent variables, and therefore, it is 

generally very difficult to find the solution. 
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Many of the studies carried out so far have been in finding a commutative solution of Eq. (1.1), i.e., a solution satisfying 

AX=XA in [6,14-17]. In [3], all commutative solutions of Eq. (1.1) were found in the case of matrix A having some special 

Jordan structure, and in [4,5] the solution of matrix equations was studied in the case of diagonalizable and arbitrary nilpotent 

matrices. In [1], all solutions of matrix equation (1.1) are found for any square matrix with a general Jordan structure of matrix 

A. 

Although, in connection with finding non-commutative solutions, limited studies have been carried out for some cases where 

the given matrix A is special. Methods for finding all solutions of rank 1 matrices [7], rank 2 matrices [8,9], and square equality 

matrices (A2=A)[10] have been studied. Although in [12], all non-commutative solutions are found in the diagonalizable case 

where the given matrix has two different eigenvalues, and in [2], we have proposed a method to find all solutions of matrix 

equation (1.1) in the case of nilpotent matrices of rank 1 and 2. 

In [11], the solution of matrix equation (1.1) satisfying A2=I and A3=A is found. However, we did not consider how to find 

the solution of the equation in the case of three nonzero eigenvalues with different matrices A. 

We establish a method of finding the solution of Eq.(1.1) using characteristic polynomial and eigenvalues of A in the case 

where the given matrix A satisfying A3=-A has three different eigenvalues, based on the solution of Eq.(1.1) satisfying A2=-I. 

Finally, numerical examples are presented to demonstrate the obtained results. 

 

II. PRELIMINARY RESULTS 

In this section, we give some lemmas and results for our further discussion. 

Lemma 2.1. [11, Lemma 2.1] Let A=diag{E, F} be an n×n matrix and E an s×s matrix. Then the solution of Eq. (1.1) is 









=

MK

HG
X  

Where 
)()(, snsnss CMCG −−  , H and K satisfies the following equation. 













+=

+=

+=

+=

MFMKEHFMF

MFKKEGFKE

HFMGEHEHF

HFKGEGEGE

                             (2.1) 

In particular, if F = 0, Eq. (2.1) can be expressed as 













=

=

=

=

0

0

0

KEH

KEG

GEH

GEGEGE

 

Lemma 2.2 [18. Lemma 2.1] Let r≦n be two positive integers, and V and W are n×n and r×r matrices, respectively. If there 

exists an n×r matrix U satisfying VQ=QW for any n×r matrix Q, then the following identity holds : 

)()()()( 
QUWVWQUV TT pppp

++
  
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Let A be an n-type complex matrix. Since A3=-A, the polynomial is an annihilating group of A, i.e., p(A)=0. Thus, the 

eigenvalues of A constitute a subset of the set A, and the minimal polynomial g() of A is a single annihilator of A with the 

highest degree and the least degree of the term, and is a factor of p(). Therefore, all eigenvalues of A are semi-simple, and 

then A is a diagonalizable matrix. Then there is a nonsingular matrix S such that A=SJS-1 where ),,(diag
11 rmrm IIJ  = , 

  rjiij ,,2,1,,,0 =−  and each ),,2,1( rjI
jm =  represents mjmj unit matrix. Then, if Y=S-1XS, then it is 

clear that X is a solution of (1.1), if and only if Y is a solution of Eq.  

JYJ=YJY                                    (2.2). 

Also, X is a commutative solution if and only if Y is a commutative solution. Thus, to find the solution of Eq. (1.1), we 

solve Eq. (2.2). Then we divide the given matrix A into several cases and consider Eq. (1.1) for each case. 

For minimal polynomials of matrix A, the solution is trivial in some cases. For example, if g()=, then A=0, so all square 

matrices are solutions. If g()=±i, then A= iI . Then Eq. (1.1) has the form 
2)( iXiX = . These cases are similar to 

the case of A=I and only the coefficients are different.            Therefore, only the following cases are considered. 

Case 1. The minimal polynomial of the matrix A is g()=(-i). 

Case 2. The minimal polynomial of the matrix A is g()=(+i). 

Case 3. The minimal polynomial of the matrix A is g()=(-i)(+i). 

Case 4. The minimal polynomial of the matrix A is g()=(-i)(+i). 

We perform the analysis for these cases. 

 

III. SOLUTION OF MATRIX EQUATION 

3.1 Case 1. A2=iA 

Let A be an n-matrix with A2=iA. Then A is a diagonalizable matrix and there exists a non-degenerate matrix S satisfying A=SJS-

1 for J=diag(iIm,0), where Im is the m×m -identity matrix and m is the rank of the matrix A. Then we denote the matrix Y as follows : 









=

MK

HG
Y  

where G is an m×m matrix and M is a (n-m)×(n-m) matrix. Using Lemma 2.1, we have the following theorem. 

Theorem 3.1. Let A be an n×n complex matrix whose rank is m and A2=iA. Suppose that A=Sdiag(iIm, 0)S-1 for any nonsingular 

matrix S. Then all solutions of the matrix equation (1.1) are given by 

1−









= S

MK

HG
SX . 

If any m×m matrix U is expressed in the form U=[U1,U2], its inverse matrix is  
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












=−

^

2

^

11

U

U
U  

where U1 is an m×r matrix, 1Û  is an r×m matrix and r ≤m. And G=iU1

^

1U , H=U2Z2 , K=W2

^

2U , where any (m-r)×(n-m)matrix 

Z2  and (n-m)×(m-r)matrix W2  satisfy W2Z2=0. Also, X is a commutative solution if and only if W2=0, Z2=0. 

 

3.2 Case 2. A2=-iA 

Let A be an n-matrix with A2=-iA. Then A is a diagonalizable matrix and there exists a nonsingular matrix S satisfying A=SJS-

1 for J=diag(-iIm,0). Then we denote the matrix Y as follow: 









=

MK

HG
Y  

where G is an m×m matrix and M is a (n-m)×(n-m) matrix. Using Lemma 2.1, we have the following theorem. 

Theorem 3.2. Let A be an n×n complex matrix whose rank is m and A2=-iA. Suppose that A=Sdiag(-iIm, 0)S-1 for any 

nonsingular matrix S. Then all solutions of the matrix equation (1.1) are given by 

1−









= S

MK

HG
SX . 

If any m×m matrix U is expressed in the form U=[U1,U2], its inverse matrix is  














=−

^

2

^

11

U

U
U  

where U1 is an m×r matrix, 1Û  is an r×m matrix and r ≤m. And G=-iU1

^

1U , H=U2C , K=B

^

2U , where any (m-r)×(n-m)matrix 

C and (n-m)×(m-r)matrix B  satisfy BC=0. Also, X is a commutative solution if and only if B=0, C=0. 

 

3.3 Case 3. A2=-I 

Let A be an n-matrix with A2=-iA.
 

In this case A is a nonsingular matrix whose eigenvalues are i and -i. Let M be the multiplicity of the eigenvalue i, and J= diag 

{iIm, -iIn-m} is the Jordan form of A. 

To solve Eq. (2.2), let  









=

DL

NB
Y . 
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where B is an m×m matrix and D is a (n-m)×(n-m) matrix. From Eq. (2.1), Eq. (2.2) is equivalent to the following system of 

equations for the submatrices of Y: 













+−=−

−=

−=

−=−

iLNiDD

iDLiKBL

iNDiBNN

iNLiBB

2

2

 
④

③

②

①

                             (3.1) 

First, we find all commutative solutions of Eq. (2.2). If JY=YJ, since  










−

−
=









−− iDiL

iNiB

iDiL

iNiB
 

,then N=0, L=0. Thus, we have the following result. 

Theorem 3.3 Let A be an n×n complex matrix satisfying A2=-I, and let m be the multiplicity of the eigenvalues i of the matrix. 

Then all the commutative solutions of Eq. (1.1) are 
1

0

0
−









= S

D

B
SX  , where B and D are matrices with 

iDDiBB −== 22 , . 

Next, we find all non-commutative solutions of Eq. (2.2). From Eq. (3.1) ○2,  

iNBNNDNDiNBN +=+−= ,  

and, from ① and ④,  

iNDiBNDNDBNBNDNBiNDiBN +=+−=+−=−− )()(22
, 

so  

BN+ND=0. 

Substituting the above expression into ○2, we have N
i

BNN
i

ND
2

,
2

−== . By ③ 

LB=-iL+DL, DL=iL+LB 

and from ①,④, 

-LB-DL=iLB2-iD2L=i(LB)B-iD(DL)=i(-iL+DL)-iD(iL+LB)=LB+DL 

so 

LB+DL=0 

is derived. Substituting the above expression into ③, L
i

LBL
i

DL
2

,
2

−== . 

From the above result, we have 
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

















−=

=

−=

=

−=

+−=

L
i

LB

L
i

DL

N
i

BN

N
i

ND

iLNiDD

iNLiBB

2

2

2

2

2

2

                                      (3.2) 

In Eq. (3.2), all nonzero columns of N and L are eigenvectors of B and D associated with eigenvalues
2

,
2

ii
− , respectively, 

and all nonzero rows of N and L are left eigenvectors of D and B associated with eigenvalues 
2

,
2

ii
− , respectively. 

Denote by r(A) the rank of the matrix A. Then, to find all non-commutative solutions, consider the following lemma. 

Lemma 3.1 If (B, N, L, D) is a solution of Eq. (3.2), then r(N) = r(L). 

Proof.  Let (B, N, L, D) satisfy Eq. (3.2). Using the first and fourth expressions of Eq. (3.2), we have 

N
i

BNBNiBBNNiBiNLN
4

3
)(2 −=+=+= , hence NNLN

4

3
−= . 

Since )()()()( NrNLrNLNrNr = , we have NNLN
4

3
−= . 

Using the same method, from the second and fifth expressions, we have 

L
i

DLDLiDDLLiDiLNL
4

3
)(2 −=−=−= , 

so LLNL
4

3
−= . Hence, since )()()()( LrNLrLNLrLr = , r(L)= r(NL). Thus r(N) = r(L).  End of proof. 

By Lemma 3.1, r(N) = r(L)= r.  

From the first and second expressions of Eq. (3.2), we have NNLN
4

3
−=  and LLNL

4

3
−=  . Since N≠0, L≠0 and 

N
i

BN
2

−= , L
i

DL
2

= , the nonzero columns of N are eigenvectors corresponding to eigenvalues -i/2 of matrix B, and the 

nonzero columns of matrix L are eigenvectors corresponding to eigenvalues i/2 of matrix D. Then -i/2 and i/2 are the semisimple 

eigenvalues of B and D, respectively. 

If the eigenvalue −i/2 of B is not a semisimple eigenvalue, there exists a nonzero vector v such that u≡(B+i/2I)v≠0 and (B+i/2I)u 

= (B +i/2I)2v = 0. 

The eigenvector u and the generalized eigenvector v must be linearly independent. If, for any γ1, γ2∈C, γ1u+γ2v =0, γ1, γ2∈C, 

then 
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0)
2

()
2

())(
2

( 2121 =+++=++ vI
i

BuI
i

BvuI
i

B   

and so γ1=0, γ2=0. 

viuvvI
i

BivI
i

BviBBNLv
4

3
2

4

3
)

2
(2)

2
()( 22 −−=−+−+=−=  

Since v
i

NLv
i

u
8

3

2
+= , we have 

0
8

3
)

8

3

2
)(

2
()

2
()

2
(0 2 =++=+=+= u

i
v

i
NLv

i
I

i
BuI

i
BvI

i
B . 

This is a contradiction. Thus 
2

i
−  is a semi-simple eigenvalue of B, and likewise 

2

i
 is a semi-simple eigenvalue of D. 

On the other hand, we apply Lemma 2.2 to the first expression of (3.2). 

From 

)
2

1
()

2
()()( mnINN

i
iBNiNiB −=−==  

, we have 

)()()()(
2

1

2

1 
mnmn ILN

iB
I

NLiB pppp
−− +

+  . 

Since iB+NL=G2, D2+iD=LN, by taking advantage of the fact that the eigenvalues of the square of the matrix are the square of 

the eigenvalues of the matrix, the above identity can be written as 


−

==

−

=

++−−−−
mn

k

kk

m

j

j

mn
m

l

l ii
1

2

11

2 )]
2

1
([)()

2

1
()(   

where m , ,, 21    is the eigenvalues of B and mn− , ,, 21   is the eigenvalue of D,

), ,1(
2

,
2

rl
ii

ll ==−=   ,respectively. 

Dividing both sides by 
r

l )
2

1
( − , we have 


−

=+=

−−

=

++−−−−
mn

k

kk

m

rj

j

rmn
m

l

l ii
1

2

11

2 )]
2

1
([)()

2

1
()(   

and ), ,1,(
4

1

2

122 rkli kkl =−=++=  , so 
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
−

+=+=

−−

+=

++−−−−
mn

rk

kk

m

rj

j

rmn
m

rl

l ii
1

2

11

2 )]
2

1
([)()

2

1
()(  . 

Thus, from the above identity, we have the following result. Thus 

), ,1(,,), ,1(, 22 mnrkimrli kkll −+=−=+==   . 

Hence, ),...,1( ,,0 mrlil +==  and ),...,1( ,,0 mnrkik −+=−= . 

Next, we show that these eigenvalues are semi-simple. 

If 0 is not a semi-simple eigenvalue of B, then there is a vector v≠0, u≡iBv≠0 and B2v=0. From -u=(B2-iB)v=NLv,  

0=-Bu=BNLv=(i/2)v≠0 

which is a contradiction. 

If i is a semi-simple eigenvalue of B, then there is a vector q≠0 such that p≡(B-iI)q≠0 and (B-iI)p=0. 

Since 

NLq=(B2-iB)q=(B-iI)2q+i(B-iI)q=ip, 

0=(B-iI)2q=(B-iI)p=-i(B-iI)NLq=(-3/2)ip≠0 

this is a contradiction. Thus 0 and i are semi-simple eigenvalues. In the same way, we can show that 0 and -i are also semi-simple 

eigenvalues of the matrix D. Thus, matrices B and D are diagonalizable. 

Summing up the above fact, we have the following theorem. 

Theorem 3.4 Let A be an nn complex matrix satisfying A2=-I, and let k be the algebraic multiplicity of the eigenvalue i of the 

matrix. Then all non-commutative solutions of Eq. (1.1) are 
1−









= S

DL

NB
SX . 

Here B is any kk diagonalizable matrix and D is any (n-k)(n-k) diagonalizable matrix, satisfying the following properties. 

① The rank of the nonzero matrices N and L are all r, NNLN
4

3
−= , and LLNL

4

3
−= . 

○2 B and D have eigenvalues -i/2 and i/2 with multiplicity r, respectively. 

○3 The nonzero columns of N and the nonzero rows of L are the eigenvectors of B and the left eigenvectors associated with 

eigenvalue -i/2, respectively, and the nonzero rows of N and the nonzero columns of L are the eigenvectors of D and the left 

eigenvectors associated with eigenvalue i/2, respectively. 

○4 The other eigenvalues of B belong to {0, i}, and the other eigenvalues of D belong to {0, -i }. 

3.4 Case 3. A3=-A 

Let A be an n-complex matrix with A2=-A.
 

In this case, let A be a nonsingular matrix whose eigenvalues are i, -i, 0, and its rank be m. Let k be the multiplicity of the 

eigenvalue i, and J= diag {iIk, -iIm-k, 0} is the Jordan form of A. 
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Therefore, if Y is set to  

















=

MKK

HDL

HNB

Y

21

2

1

, 

then  

















−

−

=

000

0

0

DL

NB

JYJ  

and 

















−−−

−−−

−−−

=

22112121

21

2

21

2

HiKHiKDiKNiKLiKBiK

iDHiLHiDiLNiDLiLB

iNHiBHiNDiBNiNLiB

YJY . 

From Eq. (2.2), the matrix M is any(n-m)×(n-m) matrix. First, we find all commutative solutions of Eq. (2.2). If YJ=JY, then 

















−−−=
















−

−

−

0000

0

0

2

1

21

iHiDiL

iHiNiB

iKiK

iDiL

iNiB

 

and N=0, H1=0, L=0, H2=0, K1=0, K2=0. Thus, every solution of Eq. (2.2) must satisfy the following equation : 

iDDiBB −== 22 ,  

Then we have the following result. 

Theorem 3.5. Let A be an n-type complex matrix satisfying A3=-A. Let the rank of A be m and the multiplicity of the eigenvalue 

i of A be k. Then all commutative solutions of Eq. (1.1) are obtained by the following expression : 

1},,diag{ −= SMDBSX  

where M is any (n-m)×(n-m) matrix, B is a k×k matrix satisfying iBB =2
, and D is a (m-k)×(m-k) matrix satisfying iDD −=2

. 

Next, we find all non-commutative solutions of Eq. (1.1). Let }0,diag{TJ =   be in Eq. (2.2). Here, 

},diag{ kmk iIiIT −−= . Let Y be  














=

MK

HG
Y


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and G


 has the same size as T. Introducing Lemma 2.1, we have  













=

=

=

=

0

0ˆ

0ˆ

ˆˆˆ

KTH

GKT

HGT

GTGTGT

                                 (3.3) 

and M is an arbitrary (n-m)×(n-m) matrix. 

Next, for some special cases, we have the following theorem. 

Theorem 3.6. Let A be an n×n complex matrix whose rank is m and satisfies A3=-A, and let the multiplicity of eigenvalue i be 

k. 

(1) If 0=G


, then all solutions of Eq. (3.3) are (0,H,K,M) and KTH=0. Also, if H=0, K=0, then all solutions are (0,0,K,M) 

or (0,H,0,M). 

(2) If H=0, then all solutions of Eq. (3.3) are ( G


 ,0,K,M), where G


  is the solution of the Young Baxter equation 

GTGTGT


= . And all the rows of K belong to the left null space of GT


. Also, if K=0, then all solutions are commutative. 

(3) If K=0, then all solutions of Eq. (3.3) are ( G


 ,H,0,M), where G


  is the solution of the Young Baxter equation 

GTGTGT


= . And all rows of H belong to the null space of TG


. Also, if H=0, then all solutions are commutative. 

Next, let us solve Eq. (3.3) to find all non-commutative solutions of Eq. (2.2). Since the first equation of Eq. (3.3) is the Young 

Baxter matrix equation for the nonsingular matrix },diag{ kmk iIiIT −−= satisfying T2=-Im, its general solution is found from 

Theorem 3.4. Then, for all solutions G


 found, we solve the remaining three equations of Eq. (3.3) to find H and K. This implies 

that all solutions of Eq. (1.1) can be found from Lemma 2.1 to all solutions Y of matrix equation (2.2) for matrix }0,diag{TJ =  

satisfying T2=-I. 

From Theorem 3.4, all solutions of the first equation of Eq. (3.3) are expressed as follows. 









=

DL

NB
Ĝ  

Here G


  is an arbitrary m-diagonalizable matrix and M is an arbitrary (n-m)(n-m) diagonalizable matrix, satisfying the 

following properties. 
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① The rank of matrices N and L are all r≧0, and are NNLN
4

3
−=  and satisfy LLNL

4

3
−= . 

② B and D have eigenvalues -i/2 and i/2 with multiplicity r, respectively. 

③ The nonzero columns of N and the nonzero rows of L are the eigenvectors of B and the left eigenvectors associated with 

eigenvalue -i/2, respectively, and the nonzero rows of N and the nonzero columns of L are the eigenvectors of D and the left 

eigenvectors associated with eigenvalue i/2, respectively. 

④ The other eigenvalues of B belong to {0, i}, and the other eigenvalues of D belong to {0, -i }. 

⑤ A solution G


 is commutative if and only if L=0, N=0, and in this case B and D are matrices with iDDiBB −== 22 , . 

Let G


 be any solution of the first equation of Eq. (3.3), and all four submatrices (B,N,L,D) from Eq. (3.3). Let us solve the 

remaining three equations for K and H. Since },diag{ kmk iIiIT −−= , we denote K and H as follows. 

( )21

2

1
, KKK

H

H
H =








=  

Then the remaining three equations of Eq. (3.3) are : 









=

















−

−

0

0

2

1

H

H

iDiL

iNiB
, ( ) ( )0   0 21 =









−− iDiL

iNiB
KK  

( ) 0
2

1

21 =








H

H
KK . 

Summarizing the above results, we have the following theorem. 

Theorem 3.7. Let A be an n×n complex matrix whose rank is m and satisfies A3=-A, and let the multiplicity of eigenvalue i be 

k. Then all solutions of Eq. (1.1) are found as follows : 

1

21

2

1

−

















= S

MKK

HDL

HNB

SX  

Here, the matrix of type k×k B, the matrix of type k×(m-k) N, (m-k)×k, (m-k)×(m-k) matrix L and D satisfies Eq. (3.1), and is 

obtained by Theorem 3.3 and Theorem 3.4 when n is replaced by m. And any nonzero column vector h=(h1
T, h2

T)T of m×(n-m) 

matrix (H1
T, H2

T)T and any nonzero row vector matrix (H1
T, H2

T)T of (n-m)×m matrix k=(k1, k2) are the eigenvectors and left 

eigenvectors of matrix 
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








−

−

iDiL

iNiB
, 









−

−

iDiL

iNiB
 

respectively, and k1 h1= k2 h2 and M is the (n-m)×(n-m) matrix.  

 

IV. NUMERICAL EXAMPLE 

To demonstrate our results, we consider the following two examples. 

Example 4.1. Let 





















−

−−

−

−

=

1101

1011

0111

1110

A . 

Then A2=-I, its Jordan type is  

J=diag(i,i,-i,-i) 

and 





















+−−−−

−−−+

=

0101

1010

11

1111

iiii

ii

S  and 





















+−−−−

−−−+

=−

0101

1010

11

1111

1
iiii

ii

S . 

From Theorem 3.3, all commutative solutions of Eq. (1.1) are X=Sdiag{B,D}S-1, where B and D are matrices with 

iDDiBB −== 22 , . 

Next, we find the non-commutative solution of Eq. (1.1). We obtain 



















−

−
=

ii

ii
L

2

3

2

33
2

3

2

33

, 

















−

−
=

ii

ii
N

3233

3
2

33

, 














−

−
=

ii

ii
B

49
2

3

2

7

, 

















−

−
=

ii

ii
D

4
2

9

3
2

7

. 

Then, one non-commutative solution of Eq. (1.1) is 





















+−−−−

−−−+

=

0101

1010

11

1111

iiii

ii

X



























−−

−−

−−

−−

iiii

iiii

iiii

iiii

4
2

9

2

3

2

33

3
2

7

2

3

2

33

323349

3
2

33

2

3

2

7



























−−

−

−

+−−

iii

iii

iii

iii

2

1

2

1

2

1

2

1
2

1

2

1

2

1
0

2

1
2

1

2

1

2

1

2

1
2

1

2

1

2

1
0

2

1
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



























−+−−+−−−+−

+−+−−−−−−

−++−++++++++

−+−−++−++−−++

=

4

3

2

33

4

5
)

4

33

4

3
(

2

7

4

3

4

9

4

3

4

5

)
4

39

4

9
(

4

11

4

35

4

33

4

27

4

33
4

4

11

)
2

35

4

3
(

4

33
6)32

4

9
(

4

3

2

17
)

2

3

4

3
(3

4

3
4)

4

3

2

3
(

4

11
4

3
32)3

4

3
(31)

4

33

4

3
(3

2

1

4

7
)

4

33

4

3
(

4

3

2

3

ii

ii

iiii

iiii

 

 

 

Example 4.2. Let 























−

−−

−

−

=

00200

01101

01011

00111

01110

A  

Then A3=-A, its Jordan type is  

J=diag(i,i,-i,-i,0) 

and, 





























−

−+−

−+−

=

10101

01010

00
2

1
0

2

1

0
2

1

2

1

2

1

2

1

01
2

1
1

2

1

ii

iiii

iiii

S  and 

























−−

−

−

+−−

−−

=−

12022

0
2

1

2

1

2

1
0

2

1
0111

0
2

1

2

1

2

1
0

2

1
0111

1

iii

i

iii

i

S . 

From Theorem 3.3, every commutative solution of Eq. (1.1) is X= Sdiag{B,D,m}S-1, where B and D are matrices with 

iDDiBB −== 22 ,  and m is an arbitrary number. 

Next, we find the non-commutative solution of Eq. (1.1). From Theorem 3.7, all solutions of Eq. (1.1) are found as follows. 

1

21

2

1

−

















= S

mKK

HDL

HNB

SX  

where m is an arbitrary number, B is a 22 diagonalizable matrix with one eigenvalue -i/2 and the other eigenvalue 0 or i, D is 

an i/2 and the other eigenvalue is a 22 diagonalizable matrix with 0 or -i, and NNLN
4

3
−=  and LLNL

4

3
−=   is 
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satisfied. And any nonzero column vector h=(h1
T, h2

T)T of the 4×1 matrix (H1
T, H2

T)T and any nonzero row vector k=(k1, k2) of 

the 1×4 matrix (K1, K2) are the eigenvectors and left eigenvectors of the matrix  










−

−

iDiL

iNiB
, 









−

−

iDiL

iNiB
 

respectively, and k1 h1= k2 h2. Also (B,N,L,D) is obtained from Example 4.1. 

 

V. CONCLUSION 

We have found all solutions of Eq. (1.1) using characteristic polynomial and eigenvalues of A in the case where the given 

matrix A satisfying A3=-A has three different eigenvalues, based on the solution of Eq. (1.1) satisfying A2=-I. The same idea 

and technique in this paper can be applied to find all solutions of the Yang-Baxter matrix equation when A satisfies the condition 

Ak=-A, k∈N. In the future, we will solve the problem of finding all solutions of the Yang-Baxter matrix equation when A has 

more general case. 
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