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Abstract— Integral equations are extensively used in many physical models appearing in the field of plasma
physics, atmosphere—ocean dynamics, fluid mechanics, mathematical physics and many other disciplines of
physics and engineering. In this paper, we establish new numerical technique for the solution of the system of two-
dimensional Fredholm integral equations (2DFIEs) of both first and second kinds on any finite interval. Our
method which is based on Bernstein polynomial reduces the system of 2DFIEs to an algebraic linear system, and
they can be solved using any standard rule. We also present convergence analysis and stability analysis of the
proposed technique.

Keywords— Bernstein polynomial, convergence, Fredholm Integral Equations, algebraic linear system, finite
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L INTRODUCTION

The mathematical form of physical models mostly lead toward FIEs. FIEs occur in various physical and engineering models such
as, signal processing, linear forward modeling, mass distribution of polymers in polymeric melt etc.

Many problems in applied mathematics, engineering, mechanics, mathematical physics and many other fields can be transformed
into the second-kind two-dimensional integral equations [3,2,1,4,5]. Integral equations also arise as representation formulas in the
solutions of differential equations and Some other applications of these equations can be found in [6,7].

These equations appear in electromagnetic and electrodynamics, elasticity and dynamic contact, heat and mass transfer, fluid
mechanic, acoustic, chemical and electrochemical process, molecular physics, population, medicine and in many other fields [8-13].

In recent decades, many techniques were presented by different authors for the solution of FIEs. Babolian et al. [14] applied the
decomposition method to solve the linear FIEs of the second kind. Vahidi and Mokhtari [15] proposed the decomposition method

for a system of linear FIEs of the second kind. They show that the Adomian decomposition method is equivalent to Picard’s method.
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Rashidinia and Zarebnia [16] described the convergence of the approximate solution of the FIEs in which numerical solution is
obtained by means of Sinc-collocation method. This technique converts the system of integral equation into an explicit system of
algebraic equation.

Taylor expansion method was presented by Maleknejad et al. [17] with smooth or weakly singular kernel to solve FIEs of the
second kind. Moreover, the modified homotopy perturbation method is introduced by Javidi [18] to find the system of linear FIEs.

Khan et al. [19] introduced a novel computing multi-parametric homotopy approach for the system of linear FIEs. Actually, this
was a modified method that forms an improved homotopy and contains three convergence control parameters.

Half-sweep arith-metic mean method was presented by Muthuvalu and Sulaiman [20] to solve FIEs based on composite
trapezoidal rule. They examine the effectiveness of the Half-Sweep arithmetic mean method for solving dense linear systems. Khan
et al. presented discretization technique for solving mixed Volterra—fredholm integral equation and 2D Volterra integral equations
arising in mathematical physics [21,22,23].

The system of FIEs of both kinds has been taken, then reduces the equations to an algebraic linear system and can be solved
using any standard rule. Convergence analysis of the proposed technique and some useful numerical results are presented so that
the reader could understand this idea easily[24].

In view of the literature, no attempt has been made to solve system of FIEs of the first kind by using any technique. Hence, it is
necessary to study the method finding the approximate solution of the system of 2DFIEs occurring in various applied problems.

The main thirst here is that a variety of applied problems have their natural mathematical setting as an integral equations, thus
there have the advantage of usually simple method of solution. In this technique the desired accuracy can be obtained by increasing
the degree of the Bernstein polynomial. As the increase of the degree increases the computational cost, so a new method is presented
using Bernstein polynomial to solve 2DFIEs of first and second kind on arbitrary intervals [a; b] in which we can obtain the required
accuracy at a lower degree of polynomial.

The system of 2DFIEs of the first kind is of the form

m db
[ir,9)= By [ [ Hy(rosox, )z, (6, p)dxdy, i=1osm )
Jj=1 ca

Where Z; (7,) are the unknown functions, ,BU are the constant parameters, /1 i (r,s,x, y) and fl (7,5) are predetermined real-

valued functions, and Z; (I”, S) = [Z1 (I’, S), z, (l’, S),...,Zm (l’, S)] is the vector solution to be determined.

The system of 2DFIEs of the second kind is of the form

m m d b
Zluij(r,s)zj(r,s) = fl.(r,s)+Zlﬂy.'|.jHij(r,s,x,y)zj (x,y)dxdy, i=1,..,m (1.2)
J= J= ca

where Zj(I’,S) are the unknown functions, ,Bl»- are constant parameters, HU»(I”,S,)C,)/), fi(l’,s) and Mij(V,S) are

predetermined real-valued functions, and  Z; (I” , S) = [Zl (I’ , S), Z, (l’ , S),...,Zm (7’ , S)] is the vector solution to be calculated.

The aim of this work is to use Bernstein polynomials for solving systems of FIEs. This paper consists of the following sections:
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Section 2 describes some results and the basic concept of 2-dimensional Bernstein polynomials. In Section 3, the general method is
explained. Section 4 shows the convergence analysis of the given technique and Hyers-Ulam stability of the proposed numerical

technique. Finally, Section 5 contains conclusion and further work.

II. PRELIMINARY RESULTS

The Bernstein approximation B, ,(z) ofafunction z, :[a,b]x[c,d]— R is given as the following polynomial

n k
B, ,(z,(r,5)) = ZZZ,-(E,%)Rl,k,,,,q(r, 5) @.1)

=0 ¢=0 n

where for p =0,...,n and q=0,...,k,

b—a d—c
p.q _ — —
27 =z,(r,,s,),r,=a+ " psS,=c+

)
_ g
(b-a)'(d-c)

is the two-dimensional polynomial of degree (n, k). We are able to write

g and

- (r—a)’(b—r)""(s—c)!(d—s)" (2.2)

Pn,k,p,q (7", S)

n

it k.p.g (r,s) = l)n,p(r)l)k’q (s) where

n
P (F)Q(r—a)p(b—r)"p p=0,.,n (2.3)
o p , yeens :

(b—a)"
are one-dimensional Bernstein polynomials which have the property ZPn » (r)=1. The following lemma shows some
p=0

properties of the one-dimensional Bernstein polynomial.

lemma 2.1. (25]) If P, , (7) be defined by (2.3), then

n k
Zi"PM(r) = thaj(r), 2.4)
p=0 j=1

where #, =1 andfor j=23,..,k:

L (=) (n 1)
t. = 2.5
=2 G =
and for j=23,...,k:
o, (r) = m(m—=1)....m—j+1) (r—a) 26)

(b-a)’
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lemma 2.2. ([25]) The Bernstein polynomials have the following properties:

i) Z(r —-r)P, ,(r)=0

i Y0, -1P, ()= (r=a)b-1)

iii) i(rp —r)3 L= —(r a)(b— r)(a b —r)

We show the following theorems about uniform convergence and error bound of the Bernstein approximation (2.1) for z(7, s).

Theorem 2.1.([25]) For any function z,(7,s) € C([a,b]x[c,d])and any & > 0, there exist a Bernstein polynomial

approach sequence {B, ,(z,(7,5)), n,k =12,..} tothe function z,(r,s) such that ‘

B, (z;(r,s))—z,(r, S)H <g.If

2 2
2M(b;a) s 2M(d2—c)
5

= HZi(l", S)H , then then n, k have to satisfy n >
: 0, 0,

. Hence the sequence
{Bn’k(zj(r,s)), n,k =1,2,...} converges uniformly to Z/.(r,s).

Theorem 2.2. ([25]) If z,(7,s) isboundedon [a, b]x[c,d], has continues third order derivatives in [a,b]x[c,d], and

n=hk(heQ), then

lim (B, (2, (r.9) =2, (25)] = (= )b~ 1) 35) + 3 (5 =)A= 9)2]., (125)

Theorem 2.3.If Z; (r,s)e Cz([a,b] x[c,d]), j=12,....m, and ”” be the maximum norm on [a,b]x[c,d], then the

error bound is

1B, (2, (50 -2, (r,5)] < L=

Proof. From theorem 2.2,

2 (r s)H+ 21 ()| @.7)

linoio k[B,,(z,(r,8))—z,;(r,s)]= i (r—a)b—r)z} . (r,s)+ % (s—c)d—s5)z} ((7,5).

Hence

B, (z,(r,s))—z,(r,s) = —(" a)b-r)zj,, (r,s)+
1
+ﬁ(s—c)(d S)Z] W(r,s)+o(%).

Take the maximum norm on both sides. Then
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B, (2, () 2, ()] < L= ,,,< s)H+ m(r 9 o

II1. Numerical Approach Solution of the System of 2dfies by using Bernstein Polynomial
In this section, Bernstein basis functions are used to find numerical solutions of the system of 2DFIEs for first and second kinds.
In the proposed technique, a discretization process is presented for both cases.

3.1. Numerical Approach Solution of the System of 2DFIEs of first kind

To obtain the numerical solution of the system of 2DFIEs of first kind (1.1),we will replace the unknown functions z j (x,»)

with Bernstein basis function of degree (#, k), defined in (2.1) . Then the equation (1.1) becomes,

fi(r,s)= iZZﬂUZJ ypq“.Hy.(r,s,x,y)qu(x,y)dxdy. (3.1

i

where A, (x,y)=(x-a)"(b-x)""(y-c)'(d —)" and Vpg = m

In order to calculate the values of Zf’q, j=12,...m, p=0]l,.,n, ¢g=0]l,..,k, r and s are replaced with

= +(b_a)u+8,u=0,1,...,n—1,Vn=b—8 and sv=c+(d_c)v+8,v=0,1,---,k—1, sp=d—¢

n

respectively, where 0< & <1.

We can choose any other distinct nodes in [a, b] and [c, d] except singular values of our integral equation. The following linear

equations system for Z f " is obtained

ZZZCU w2 =8, J=12,0,m, u=0,1,..,n, v=0,1,..k, (3.2)
j=1 p=0g=0
where.
db
=2 [ [H, 5,5, )5 -0) (b= ) (=0 (d =) ady. 63)
AU (b_a)n(d_c)k Uca ij\u

The equation (3.2) is the system of m(n+1)(k+1) linear equations with m(n+1)(k+1) unknowns
Zf’q, j=12,...m, p=0,1,..,n, g=0,1,....,k.So writing to the matrix form is as following.

CZ=F (3.4)

where
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!
C1,1

!/
CZ,I

C

'
C’m,l

[
Cl,z

1
Cz,z

'
Cm,Z
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CI

1,m

'
CZ ,m

C!

m,m

and Cl.', ; are (n+1)(k+1) matrix, Z Iz F ; are (n+1)(k+1) column vectors, respectively, that is

0,0 0,1 n,k 20,07
Ci 00 Cij0,0) C;.},0,0) Zj fj (73> 50)
0,0 0,1 nk 0,1
c' =|Gon Cijon Cijon | 5 _ Z, F o= 15 (ry,80)
i,j : : : J : ’ J .
0,0 0,1 n,k n,k
| Cijndy  Cijndo Cijndo | 127 ] Ji(5,55,)

It is therefore possible to solve system (3.4) by using a standard rule to obtain the unknowns Z f 4 and by using these unknowns

in (2.1), we have Bn’k (Zf’q (l’u ,S, )) , which is the solution of the system of 2DFIEs of the first kind.

3.2. Numerical Approach Solution of the System of 2DFIEs of second kind

To find the solution of the system of 2DFIEs (1.2), we replace the unknown function z (r,s) and z,(x,y) by Bernstein

basis function of degree (n, k) defined in (2.1).

Then the equation (1.2) becomes

iiZué/(V,S)Zf’qyqupq(r,s) = ﬁ(r,s)+

J=1p=04¢=0
m n k db (35)
+ZZZﬂyz_f’qypq“.HU(r,s,x, WA, (x,y)dxdy, i=1,..,m
Jj=1 p=04=0 ca
This might be represented
m_n_k
i9) = 2 D 20y (r,5) 4, (r29) -
J=1p=04¢=0
(3.6)

db
—ﬂijJ.IHU.(r,s,x,y)qu(x,y)dxdy], i=1,...m

G

(b-a)'(d-c)"

where 4, (x,y) = (x=a)’ (b=x)"" (y=c)'(d )", 7,

To find Zf’q, j= 1,2,....m, p= 0,1,...,n, q= 0,L,...,k, the above equation can be written as a linear system of equations by
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replacing r

(d-c)

s, =c+ . v+e,v=0,1,...

distinct nodes in [a, b] and [c, d] except singular values of our integral equation. Then the linear equations system for Z j»] 4

obtained as following.

ZZZduw z;t = [,

International Journal of Chemistry, Mathematics and Physics (IJCMP), Vol-9, Issue-4 (2025)

r, =a+(b_a)u+€, u=0,,...
n

with

n—=1,r =b—¢ and

Jk—1,5, =d —&. Where 0<&<I.

,8,), j=L2,..m, u=0,1,..,n, v=01,...k

j=1 p=04¢=0
where
[n J(kj
o i 18,0, =) (b=1,)""(s, =) (d —s,)" -
NECRO (b (1) (d [ ij
n— k—
—ﬂl,HH,x Fys 8,0 V)X = @) (b=x)"" (y =)' (d - y) " dxdy]
This equation is the system of m(n+1)(k+1) linear equations with m(n+1)(k+1)
Zf’q, j=12,...m, p=01,..,n, g=0,1,...k.Sowriting to the matrix form is as following.
DZ=F
where
D1’71 Dll,z D’ Z] E1
D= DZ',I Dé,z D;m 7= Zz E= Ez
Dr’n Dr’n,Z Dr'n,m Zm Em
and D,."J. are (n+1)(k+1) matrix, Z T E ; are (nt1)(k+1) column vectors, respectively, that is,
[ 70,0 0,1 k 0,0
di.j,(0,0) di.j,(0,0) dzn, (0,0) Zj f, (75, 5)
0,0 0,1 nk 0,1
D’ di.j,(O,l) di.j,(O,l) d; Mon | Zj E = fj (75551)
ij : : : ’ J : > J .
0,0 0,1 nk nk
_di.j,(n,k) di.j,(n,k) e dﬂj,(l‘l,k) a _Z_j »f‘j (rn H Sk )

It is therefore possible to solve system (3.9) by using a standard rule to obtain the unknowns Z f 4

in (2.1), we have Bnk(zpq(

www.aipublications.com

8, )) , which is the solution of the system of 2DFIEs of the second kind.

with

Similarly with the first kind, we can choose any other

is

(3.7)

(3.8)

unknowns

(3.9)

and by using these unknowns
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Iv. CONVERGENCE AND STABILITY ANALYSIS

4.1. Convergence analysis

In this part, we consider some important results about the convergence for 2DFIEs of the first and second kinds.

Theorem 4.1. Consider the system 2DFIEs of the first kind (1.1). Suppose that /. (r S,X,y) are continuous on [a, b]x[c, d]?,

and the solution of the equation belong to (C*"\L?)([a, b]x[c, d]) for some o>>2. If the inverse of matrix C, defined in (3.4) exists

then

sup |z, (r,.5,) = B, (") <
r,€la,b], s €le.d]

4.1)

m

o e e TN e ey

j:
b—a d—c 12 . .
where 7, :a+7p, p=0L...ns, = C+Tq, q=0,l...k, z,(r,s), j=L12,.,m isexactsolution,

)Lij = Supb ‘ﬂUHU (r,s,x, y)‘ and B, k(Z ) is the proposed method solution.
r )CE a
s,y€le, d]

Proof. It is clear that
sup  |z,(r,.5,) = B, (z0)| <

r,€la,bl, s, €lc.d]

< sup ‘Z,»(Fp,S,,) - Bn,k(zj(rp,sq))‘ + (4.2)

r,€la,bl, s, €lc.d]

+  sup Bn’k(zj(rp,sq))—Bn,k(zf’q)‘
ryelabl, s, ele.d]
From (2.9),
wp s 1,) By, sl “> =0y . >H+ C> 22 (9] 43)

ry€la.bl, s €lc.d]

It remain to find a bound for sup‘Bn’k (z,(r,,s,) =B, (z" )‘ :
Now weset CM =N and CM'=N',where M =[B, ,(z}"")], N =[f,(r,,s,)], =[B,,(z,(r,,s,)],and

N'=[f(r,.s,)].
Hence,

sup ‘Bn,k(z.f(rp’sq))_Bn,k(zf,q)‘ =
r,€labl, s €lc,d] (4.4)

o] s

r,€la,b], s, elc.d]

p’ p)

. Where
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fi(r,s)= iﬂij“.Hij(r,s,x, »)z;(x, y)dxdy (4.5)
Fr8)= 3, [ [ Hy 5,5, 0)B, 2 (3. )y @6)
So,
£ )= 308, T [ 5,002, (5. 0)~ B, (2 (o). @)

Jj=1 ca

Taking supremum on both sides, we have

sup |,(r,)= f,(r,5)| =

r,x€la,b]
s,y€ele,d]
m  db
= sup >, [ [ Hy (5,0, )12, (6,0) = B, 4 (2, (v, )y <
e e
m (4.8)
<> B j I H,(r,5,x,) sup |z,(x,y) =B, (z,(x,))|dxdy =
i=1 r,x€la,b]
J ca s.yele, d]
)2
M,( 27, (s s)H e —exb-a)
, where ﬂ.l.j sup ‘ﬂUHU (r,s,x y)‘
yeed)
Putting above result in inequality (4.4), we get for p =0,1,...,n, ¢ =0,1,....k
sup \B,,,k<z_,<r,,,sq))—B,,,k(z;ﬂ\s
r,€la,b], s, elc,d]
m 4.9)
SHC*HZW{ 27, o]+ Z}',ss(ras)ﬂ(d-CXb—a)
j=1
Thus, from (4.2), (4.3) and (4.9)
sup ‘ j(rp,sp)—Bn,k (z}”’q)‘ <
rp€la,bl, s, elc.d]
(4.10)

L 1

P o+ L2 Z;,m(r,s)ﬂ[ p|C @ -exp-ay+

j=1 |:
The proof is completed. O

That the error bound contains the HC - H is a disadvantage of this theorem. Hence we find a bound for HC ! H in the

following theorem.

Theorem 4.2. In theorem 4.1, assume that ”C — 1” = é:] <1, where ”” is the maximum norm of rows and / is a identity
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matrix of order m(n+1)(k+1). Then
1

1-&

7 <

The condition number is
2.9
Cond(C) < /7
- §1

where . = max|
j o

d b
B[ [ Hy (s, x, y)dxdy

Proof. Firstly we determine a bound for ”C ” . That is,

(L)
Icl= maxZZZ ﬁUH H,(r,.s,.%,9) A, (x, y)dxdy (4.11)

leOqO )(d

. where 4,,(x,y)=(x—a)"(b—x)""(y-c)'(d — )" Since

n\k
so lold oo

p=0g= O(b_ )n(d )

Il = maxZ B, j IH,,< Ty» 8,0, Y )dxdy, “.12)
Hence ”C” 25 where 0, maX,Bl]IIHU( r,,S,,X,y)dxdy|.
To set a bound for HC_I H , if L=C—I, then
e =Ja+ s —— =L @iy
=z 1-4
Thus
>25,d —e)b-a)
cond(C) =||C|-|c| < = =z
The proof is completed. i

Theorem 4.3. Consider the system 2DFIEs of the second kind (1.2). Assume that H [I.(r, S,X,y) are continuous on [a, b]x[c,
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d]?, and the solution of the equation belong to (C*\L?)([a, b]x[c, d]) for some ¢>2. If the inverse of matrix D, defined in
(3.9) exists then

W A NEDE
rp€la,bl, s ele.d]

(b—a)’
z{ 8n

m
J=1

(4.14)

2
z (7, S)H + %‘

2 (r, s)ﬂ . [H D*lu(uij(r, s)+A,(d —c)(b- 7))+ ﬂ

b—a d—c )
where 7, =a +Tp, p=0L...ns, = C+Tq, q=0,1l...k, z,(r,s), j=12,.,m isexactsolution,

g

A= sup ‘ﬂz/Hy (r,s,x, y)‘ ,and B, (z"") is the proposed method solution.
r,xela,b)
s,yele,d]

Proof. Let

sup  |z,(r,5,) =B, (z0"")] <

r,€la,b], s €lc.d]

: Sup ‘Zj(rp’sp)_B”’k (Zj(rp’sq))‘_'_ sup ]‘Bn,k (Zj(rp9sq ))_Bn,k (Zf’q)‘

r,€la,b], s, ele.d] r,€la,bl, s, ele,d

(4.15)

By (2.9),

b-a)’ d-c)’y
sup ‘Zj(rpﬂsp)_Bn,k(Zj(rpﬂsq))‘ S% Zj’W(r,S)H+(8—k) Zj’ss(r,s)H. (4.16)

ry,€la,b], s €lc.d]

Now, determine a bound for sup‘Bn’k (Zj (rp .S, ) — B, . (Zf’q )‘ .
Now weset DQ = Pand DQ'= P, where Q =[B, (2], P=[f(r,,s,)], O'= [B,.(z;(r,,s,)],and

P'=[f(r,.5,)].
Hence,

sup B, (z,(r,.5,)) — B, , (20" <

rpela.bl, s,ele.d]

1 . (4.17)
SHD_ H sup ‘fl.(rp,sq)—fl.(rp,sq)
rp€la,bl, s €lc.d]
Now we will get a bound for Sup‘fl. (l’p »S, )— ﬁ (rp ,Sq) . Where
m db
fi(r,5) = Z[ui,(r,s)z_, (r,9)= By | [ Hy(r,5,%, )7, (x, y)dxdy} (4.18)
J=1 ca
) m db
Ji(r.5) = Z[ui,(r,s)Bn,k (z,(ros) = B, [ H, (5,2, 9)B, 5 (2, (x, y))dxdy} (4.19)
J=1 ca

Thus,
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F09) = 7r29) = 2y ()2, 5 = B (2, 50) -

d b (4.20)
= By [ [ Hy(r5,%,9)2,(x, ) = B, (2, (x, y))ldxdy]
Taking supremum on both sides, we have
< Z [“,-j (r,5) sup‘zj (r,s)-B,, (zj (r, s))‘ +
=1
db :
+ ﬂgjoy (r,8,%,7) sup‘zj (x,y)-B,, (zj (x, y))|dxdy] <
m db
< ;sup‘zj (r,8)=B,,(z,(r, s))‘ . [”f,-(”a s)+ ,6’,-].[ .‘[ H,(r,s,x, y)dxdy] @21
| (b—
<y (b—ay ") e (s + —) 2" Juyry9)+ 2, (d = )b - )]
=
, where ﬂ.l.j sup ‘ﬂUHU (r,s,x y)‘
ey
Putting above result in inequality (4.17), we get for p =0,1,...,n, ¢ =0,1,...,k
sup  |B,,(z,(r,.5,)) B, (27| <
r,elab], s,elc.d]
<|p7| Z{;— )H+ c’ e }-[uij(r,s>+zl,-(d—c)<b—a)] (422)
j=1
By using (4.15), (4.16) and (4.22)
s |15~ Bu(r < Dt o+ D et 0
ryela.bl, s,elc.d]
b 2
+ “D “Z ( a) ‘ Z;n( —kc) (T } [uy.(r, $)+4,(d - c)(b-a)]= (4.23)
m h— _ 1
z{( a)’ ‘ 2! ( )”+ (d C) 21 ( } MD “ u, (r,8) + A, (d —c)(b—q))+ ;}

The proof is completed. O

That the error bound contains the HD_1 H is a disadvantage of this theorem. Hence we find a bound for HD_I H in the following

theorem.

Theorem 4.4. In theorem 4.3, assume that ”D -1 ” =&, <1, where ”” is the maximum norm of rows and / is a identity
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matrix of order m(n+1)(k+1). Then

-1
Ipls 5

The condition number is

W+Z5
cond(D) < —L—.
1_52

Proof. Firstly we find a bound for ”D” . That is,

oo
12]l= maXZZZ g (s ) Ay, (n5) -

/1p0q0(b a)'(d - )

- B, j j H, (1,5, %, )4, (x, )dxd)]

4.24)

where 4, (x,y)=(x— a)’(b—x)""(y—c)'(d—y)"™. Since the sum of Bernstein basis polynomial is 1, it hold

|D]= maxZ u; (1,.5,) = B; j j Fys 8,0, y)dxdy). (425)
Hence
D) < max 3 e, (1,5, + maxz 5, j W 1250, V). @29
v
This implies
ID|<w+35, . (427)
j=1
where W = maxZ‘ u,(r,,s,), o, —maxﬂ _”HU( r,S,,X, y)dxdy|.
To set a bound for HD_1 H , if R=D—I, then
s ; I
HD H H<I+R) H - —”R” 1-¢, ’ (4.28)

Thus

W+i5,

cond(D) = |D|- [ < T
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The proof is completed. mi

4.2. Stability analysis
The problem of stability analysis con be treated generally for the system of FIEs. Here, Hyers-Ulam stability criteria [26] is used
for both first and second kinds of 2DFIEs.

Firstly, let consider stability analysis of 2DFIEs of the second kind in the following theorem.

Theorem 4.5. Assume that B, (z,(r,s)):[a,b]x[c,d] >R, f,(r,s) € L*([a,b] x[c,d]) and

H,(r,s,x,y) € L ([a,b]x[c,d])’. If B, . (z,(r,s)) satisfies the following condition

i”i}' (r,8)B, , (z;(r,8))— f,(r,5) —i B; J-J-Hij (r,8,%,3)B,,(z,(x, y))dxdy{ <e(e>0) (4.29)

w db
where Zﬁi/,l.J.Hi/(r’S’ x, y)dxdy| <1, then there exist the solutions z (7, s) satisfying (1.1) and for
J=1 ca
2M(b-a)’ 2M(d -c)’
n> ( 5 ) , k> ( 5 ) and Mzuzj(r,s)u,wehave ‘Bnk(zj(r,s))—zj(r,s)u<g.
&0, &0, ’

Proof. Define an operator T by :

(T )(r.8) = ﬁ(r,s)+uij(r,s)+iﬂij j jH,.j(r,s,x, »)z,(rs)dxdy , z,(r,s) € L' ([a,b]x[c,d]),

(4.30)

for i=1,2,...,m. Then, by using Holder inequality, we have

b[db 2
I[”H,.j(r,s,x, )z, (x, y)dxdy} drds <

c

O C—

< Ti[Hy(r, s,x, V) dxdy ~]{‘ j)‘ [z,(x, y)]zdxdy}drds <

[

since 1z (r,5) € I*([a,b]x[c,d]) and Tis a self mapping of L ([a,b]x[c,d]) . Hence, the solution of equation (4.30) is

<

[Zj(xa y)]zdxdy~ [H,«j(f', S, X, y)]zdxdydrds < o

0 Cmm—y QO C—
Y Ry
O C—
Qe

the fixed point of mapping 7.

db 5
Also, d(T,.T, )= U“Tu, (r,s)—Tu, (r, s)|2drdsJ =
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2 2

:i j,['Byj,[Hy(r7S7xay){Ul(x,y)—um(x,y)}dxdy drds | <

AN {J e, rs.x, ) F ey [ [l e, ) =, (x,y)rdxdy}drds -

ca

S| e

And we note that

i‘ﬂy‘[i j j _lf (H,j(’”, 8, X, y))zdxa’ydrds}2 <1.

Thus, T is a contractive operator.

From Definition of contractive operator, the equation (4.30) has a unique solution z j (7,5) satisfying (1.2). Then from

2M (b —a)’ 2M(d - c¢)?
—_— k> —
&0, &0,

Theorem 2.1, we have, ‘Bn,k (z,(r,8))—z,(r, S)H <¢& forany n>

This completes the proof. o
Similarly, it holds the result as following to the system of 2DFIEs of the first kind.

Theorem  4.6.  Assume  that B, (z;(r,8)):[a,b]x[c,d] >R, f,(r,s)e L*([a,b]x[c,d]) and

H(r,s,x,y) e L*([a,b]x[c,d])*. If B, . (z,(r,s)) satisfies the following condition

‘fl (r,s)— iﬁiij.,[Hif(r’S’x’ VB, (z,(x,y))dxdy| < &(& > 0) (4.31)

c a

m db
where Zﬁi/,l.J.Hi/(r’S’ x, y)dxdy| <1, then there exist the solutions z (7, s) satisfying (1.1) and for
J=1 ca
2M (b —a)’ 2M(d —c)
n> ( 5 ) , k> ( 5 ) and Mzuzj(r,s)u,wehave ‘Bnk(zj(r,s))—zj(r,s)u<g.
&0, &0, ’

V. CONCLUSION AND FURTHER WORK
The integral equations have rich physical background in recent years. These equations got great interest across many disciplines
and widely used in dynamical system with chaotic behavior and quasi-chaotic dynamical systems. The use of Bernstein polynomials
to solve initial value problems, boundary value problems, and integral equations has been recently increased because of the fast

convergence and less computational cost. In this research the main theme was to provide such a technique which has fast

www.aipublications.com Page | 42



http://www.aipublications.com/

Gyong et al. International Journal of Chemistry, Mathematics and Physics (IJCMP), Vol-9, Issue-4 (2025)

convergence and less computational cost for the solution of the system of both first and second kind 2DFIEs on arbitrary intervals
[a; b] . We found that the proposed method gives excellent approximate solutions even by taking a small value of the degree (#, k).
The proposed technique can be extended for the numerical solution of differential equations arising in engineering models, but some

adjustments will be require.
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