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Abstract— It is of practical importance to construct new effective statistical model for discrete and
continuous data arising in the real world. The bivariate distribution with FGM copula whose two marginal
distributions are normal and geometric, respectively, is proposed. The explicit characteristics and the
moment generating function of the distribution are derived. Also, the conditional distributions and their
characteristics of the distribution are obtained. The moment and maximum likelihood (ML) estimates for the
parameters are investigated and the numerical results for them are presented. Real data analysis that

indicates the usefulness of the model is also shown.

Keywords— FGM copula, moment generating function, conditional distribution, moment estimation, ML

estimation

I.  INTRODUCTION

In analyzing data from reliability, economics, health sciences and other advanced areas, probability distributions are
effectively used. Many new distributions are created to describe real-world data more accurately.

Copulas are an important tool to express the relationship between random variables and they are widely used in constructing
multidimensional distributions (see [8], [11], [12] and [20]). Using copula, the bivariate normal-Weibull distributions [23],
bivariate generalized Rayleigh distributions [7], and bivariate Fréchet distributions [3] have been studied. In [5], [6] and [17],
several bivariate distributions have been constructed using Marshall-Olkin copula.

The Farlie-Gumbel-Morgenstern (FGM) copula proposed by Morgenstern in 1956 is one of the most widely known

parametric copula. The bivariate FGM copula is given as:
Cup,uy) =uuy[1+a(l—u )1-uy)], -1<a<1.
Let (X1, X2) have FGM copula, then the cumulative distribution function (cdf) of (Xi, X>) is expressed as:
F(xp,x5) = Fi(x))F, (x)[1+ a(l = Fi(x )1 - F5(x,))],  (x1,x,) € R? (1)

where Fi(x) (=1, 2) is the cdf of X.

Using FGM copula, the continuous bivariate distributions of different types, e. g., a bivariate exponential distribution with
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normal and exponential marginals [10], a bivariate generalized exponential [1], a bivariate Weibull distribution [2], a bivariate
modified Weibull distribution [21], and a bivariate Teissier distribution [22] have been presented and their statistical properties
were investigated.

For discrete bivariate distributions, we refer to [13]. The bivariate geometric and Poisson distributions [24] and a bivariate
discrete generalized exponential distribution [18] have been proposed and their properties and parameter estimation have been
studied. Several negatively correlated bivariate Poisson distributions have been discussed in [9] and a model with Poisson
marginals that allows negative correlation have been developed in [16]. Nelsen [19] has constructed probability functions for
bivariate discrete random variables with any correlation using convex linear combinations of probability functions for Fréchet
marginals. A bivariate discrete Weibull distribution that is a discrete analogy of the Marshall-Olkin bivariate Weibull
distribution have been introduced and its various properties have been studied in [15]. In [14], a bivariate continuous-discrete
distribution with i.i.d. exponential sum and geometric marginal distributions has been constructed and used to analyze the
finance data.

However, there are few papers on the results concerning the distribution with continuous and discrete marginal distributions,
and to the best of our knowledge, the construction of a continuous-discrete model using a copula has not been discussed.

In the real world, as the grade level, classification index, etc. are represented by discrete variables, its observation and the
continuous index will require various continuous-discrete model. The aim of this paper is to propose a bivariate

normal-geometric distribution with FGM copula and show its properties.

The rest of the paper is organized as follows. In Section 2, the bivariate normal-geometric distribution with FGM copula is
defined, and the probabilistic properties of the distribution are described. Also, the explicit expressions for the conditional
distributions and the conditional characteristics of the distribution are derived. In Section 3, the moment and ML estimates for
the parameters are investigated and the numerical results for them are presented. In Section 4, the analysis of the real data

between the grade level and weight is described. Finally, Section 5 concludes this paper

II. BIVARIATE NORMAL-GEOMETRIC DISTRIBUTION AND THEIR PROPERTIES
Let X; and X> be two iid copies of a random variable X with a cdf F(x), then the cdf of XP=max{X;, Xo} is

F(z)(x) = F(x)2 . Therefore, Eq. (1) can be expressed as:
F(x1,3,) = F(x)Fy () + alFi () = B2 )l F () = F2(x,)] @
Let p, =P{K =k}, k=0,£1,£2,--- be the probability mass function (pmf) of a random variable K taking a nonnegative
integer values, then the pmf of K = max {K,, K,} is expressed as:
p,gz) = p,% + Zkapj, k=0,£1,£2,---.

Jj<k

Proposition 2.1. Let X be a continuous random variable with the probability density function (pdf) f{x) and K a discrete random

variable with the pmf ps=P{K=k}, k=0,£1,£2,--- and (X, K) have FGM copula. Then the pdf of (X, K) is expressed as:

flx k)= %P{X <x,K =k} = f(x)p, +a(f(x)= PN, - p), 3)

where /() is the pdf of FO(x).
Proof. From Eq. (2), we have
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P{X <x,K =k} = F(x)py + a(F(x) - FO ) py — p2).

Differentiating the above expression by x yields the result of the proposition. o

2.1. Definition and characteristics
Let X~N(0, 1), then the cdf (pdf) of X@ is @(x)* (9P (x) = 20(x)®(x)), where @(x) and @(x) are the pdf and cdf of

the standard normal distribution, respectively [4]. This is the skew normal distribution with slant parameter 1. The mathematical

expectation and variance of X, respectively, are

1 1
EX® = — Varx® =1-—. @
Jr z

Let K follows geometric distribution Ge(g),i.e. P{K =k} =(1— q)qk_] = qk_1 - qk, k=12,
then the pmf of K@ is as:
PK® =k} =24(k, q) - A(k. ¢*), k=12,

where A(k,q) = ¢* ' —¢* .

Definition 2.1. Let the bivariate random variable (X, K) have the FGM copula, and X~ N (4, o’ ) and K~G(q) . Then, we say
that (X, K) follows the bivariate normal-geometric distribution with FGM copula and denote by (X, K) ~ NGF (u, o, q;a).

From (3), the pdf of (X, K) ~ NGF (u, O'Z,q; a) is expressed as:

Fk)= Lo H )[A(k,q) + a[l - m(ﬂ)j(A(k,qz) - A(k,q))} : (5)
O O O

First, we find the moment generating function of NGF (i, 6°,q; @) .

Proposition 2.2. The moment generating function of (X, K) ~ NGF (u, o2, q; @) is given by

+ﬁ z z 2N\ z
M(t,z) = Ee™** = P [—(1 —qe | c{l - 2¢(G—t)J[ (=ge” A= )e J] .

1-ge* V27| 1-ge 1-g%ef
Proof. Let Xo~ N(0,1)and K~G(q) then the moment generating functions of X,,K,X$” and K® are respectively

expressed as [4]:
2

My, () = Ee™0 =2,

2

(2) L
M ()= =22 d(—=

ﬁ)’

MK(Z):EeZK — (l_q)e ,
1—ge’
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z 2N\ z
@ - _
MO = Ee ) _2(l=qe” _d qz)e .
1—gé® 1-g~e*

From Eq. (3), the moment generating function of (Xo, K) ~ NGF (0,1,¢; ) can be obtained as

M (,2) = My (DM g (2) + (M, (1) = M /() (M g (2) = MP (2))

L e |

1—geé® 2 1—ge® 1-g%¢*
While, let X = y+ oX, then (X,K) ~ NGF(u, o’ ,q; &) , so the moment generating function of (X, K) is

M(t,z) = Ee"™ ™ = e M (ot,z) .

From the above, the result of the proposition is obtained. O

Next, the mathematical expectation and the covariance matrix of (X,K) ~ NGF(u, o2, g; &) are derived, which are used

for the moment estimation of the parameter considered in Section 3.
Proposition 2.3. Let (X,K) ~ NGF(u, o-z,q; ) , then
EX = u, EK =1/(1-¢q), VarX = o, VarK = q/(1—q)*,

and the correlation coefficient between X and Y is

aq

HX,K) = -1 —

\/;(1+q)'

Therefore, the covariance matrix of (X, K) ~ NGF (u, 0% ,q; a) is expressed as:

o2 aoq
Cov(X,K) = x/;p(l+q) .
oo q

Jrl-g+q)  (1-g)
Proof. Let Xy = (X — u)/ o, then from Eq. (3)

E(X,K) = EXEK + a(EX, — EX{" ) EK — EK?),
While, from Eq. (4),

Ex® =L gk pgor- 1+

Jr l1-g (A-q)1+q)

Therefore, we have

Cov(Xy,K)=—H
S e e e

The correlation coefficient of X and K is
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aq

X, K)=—NT
%K) Jr(l+9q)

The rest is obvious. O
From the above proposition, we can see that (X, K)| < (2v/7)" = 0.2821. This shows that NGF(u, o2, ¢; @) can only

be used as a model for weakly related discrete and continuous random variables, but not for strongly correlated cases.

2.2 Conditional distributions and conditional characteristics

In this subsection, we show the conditional distributions of the bivariate normal-geometric distribution with FGM copula

and explicit expressions for their characteristics. Then, we describe the sampling method from NGF(u, 62, ¢; o)
Let (X,K) ~ NGF (u, Gz,q; a) . Using Eq. (5) and Eq. (6), the conditional pdf of X given K =k is is derived as follows:

Frr@ = o1+ a1 - 20(F ) (g 4 g 1) )
(e} (e (e}

The conditional expectation and variance of X given K =k are respectively obtained as follows:

oo _
EXIK=k)=u——=(q""+4" -1,
T

N

20 k-1, k12
Var(X|K = k) = 0—2(1 _e'lg +q oD J
T

Also, the conditional pmf of K given X=x is derived as:
x— _ x— _
Trppes(B) = {1 —a(l- 2@(7“))}@" '-g")+ a[l - 2‘15(7#)}@2" 2-g™).

The conditional expectation and variance of K given X = x are respectively obtained as follows:

E(K|X =x) = 1 a[l - 2q§(ﬂ)}L2 :
1 ez l-g¢g

2
—a[l —ZQ(M)}M+0/[I —2<p(x"“)} ( ¢

Var(K|X = x) =—1 .
k=0 =4 o Ju-¢") o ] a-¢)

-q)°

Next, we consider the sampling method from NGF (u, 6 ,¢; @) . From Eq. (7), the conditional cdf of X given K =k is

respectively obtained a

Fyjio () = (14 D)D) = DIBE—EY,

where D(k) = a(qk_l + qk —1) . Then, sample x from FX‘K:,( (x) is generated as follows:

oo 1D J+ D) — 4Dk .
A 2D(k) :
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where u is a random number of unit uniform distribution U[0, 1] and &' is the inverse function of & . And, among the two

signs =, it is selected that the value in brackets enters the interval (0, 1).

Algorithm 1. (Sampling generation algorithm from NGF (u, 6, ¢; ) ).

Step 1. Generate k from G(gq) .

Step 2 Generate u from U[0, 1]. Find x from Eq. (8).

III. ESTIMATION OF PARAMETERS

In this section, we consider the moment and the ML estimations of the parameters of the bivariate normal-geometric
distribution. Let (x;,k;),i =1,2,---,n be n iid samples from NGF (., o’ g a).
3.1. Moment estimation

By Proposition 2.3, the moment estimators of the parameters u, 0%, ¢ and « can be respectively constructed as:
n
g=x=n" in ,
i=1

n
52 =5%= nflz(xl- -%)?%,

i=1

F=1-F", E=n"Sk;,
i=l1

~2 n
a= M(ﬂlz)@ki —)?/;J .
i=1

oq

3.2. ML estimation

From Eq. (5), the likelihood function is written as follows:

me%w=H%ﬂmwm@+wemwm4hf%4@@m
i=1

Xi —H
o

where z; = . Then the log-likelihood function becomes:

1 = lnL(,u, qusa) =-n 11’10 + zln¢(zi) + ZIHD(,U, 0,4, a, Zis kl) 5

i=1 i=1
where D(u, 0, q, &, z, k) = (1 — @) A(k,q) + aA(k, g*) — 2a®(z)(A(k, ¢*) — A(k,q)) .

The ML estimator is obtained by = numerical methods, using the Newton-Raphson method. The initial approximation can

be put into the moment estimate as usual.
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For convenience, let denote the parameter by 8 = (6,, 6,, 65, 6,) = (i, 0, q, &) . The gradient and Hess matrix of the

log-likelihood function, respectively, are

VI=(g, 883 84) » H=(h)ps,

o, ol
06," " 06,00,

where g; = . Using

dz;/du=-1/0,dz;/do =—-z;/0,dp(x)/dx = —xp(x) ,

the components of the gradient can be calculated as follows:

2
g 1(2 +2az¢(z )(A(k,,q)—A(ki,q»J,

:E o i=1 D(ll'l70 q’av l’k[)
_di z2p(z)(Alky, °) = Ak, 9))
gz_da (Zz o ; D(,u,O' q, Q, z’ki) J,
g 41 zkA(k,,zn q"7 & (120G )k, Ak, ¢°) = Alky, )+ (1=2¢"7)]
dg 95 D(u, 0,4, a, z;, k;)
dl & - Ak, )+ AQRk;, q) = 2D(z,)(A(k;, ¢*) — A(k;,
P (ki» q) + Ak, q) = 2P(z,)(A(k;, ¢°) = Ak, 9))

da ‘3 D(u,0,q,a,z;,k;)

Also, the components of the Hess matrix can be calculated as follows:

2 70 ,0.’, laki
%:ﬂ:L%mmzww d 3,
6;1 i=1 D(ILI,O' q, &, l’ki)

2 n
/ 2 L, (u,0,q9 0, z,k;
PG =——(Zzi—a o (10, q )}
i=1 11D(/uao- q, a, lnki)

_ 621 2_0! W(,U,O' q, 4, l’ki)
a/uaq Oql 1D(,u’6 q, &, z l’ki)2 ,

Z lua(/lao- q9a9 pkj)
D(ILI,O' q, a, z t’k[)z ,

6/160{ o

2
hyy = oL n— 3zzz+2asz(/I’ %49 % wkl)
ao_ D(/u’o-qﬂazls ,)

0’1 _2a<-Ly(1 0,9, a2, k)

23T S -
6(786] qulD(/lao-qaaz lakj)
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azl :z c Lo’a(:u! o, qa a, Zi’k[)

h24 e P
doda o i=1 D(:ua 0,q,4,z;, kl)

621 1 % qu(ﬂa o, q’ a, Z[7 kl)
hyy = =

2 2 5
aq q =1 D(:u: o,4,a,z;, kl)

h _ 821 _l ! an(ﬂ: O-? Q3 a’ Z[’k[)
34 6q6a q i=1 D(/,l, 0,4, a, Zi’ ki)2 ,

2 n
h44 — a l :zLaa(lua o, Q7 aa Z[3 k,)

aaZ i=1 D(/U, O', q: aa Zi) ki)2 '

where

Ly, = 9(z)(Ak;, 4°) = A(k;, @)
x[z;(1- a)A(k;, q) + dA(k;, ¢*) = 20®(z;)(A(k;, ¢*) — Alk;, q)) -
—2ap(z,)(A(k;, ¢°) - A(k;, 9))]

Ly = p(z))(Alk;, g7) = A(k;, q))
<[(z} ~D((U - a)A(k;, q) + cA(k;, q*) — 20D(z;)(A(k;, 4°) — Alk;, 9))) -
—20z,0(z;)(A(k;, ¢°) — Ak, 9))]

Ly, = 0(z)k; ACk;, ) Ay, 7)) =207 Alk;, q) + 47 Ak, ¢7)]
Ly = @(z) Alk;, @Ak, q) — Ak;, 9)]

Ly = zip(z,)(A(k;, ¢°) — A(k;, q)) %
x[(z7 = 2)((1 - ) Alk;, q) + aA(k;, ) = 2aP(z,)(Alk;, ¢°) — Alk;, ) —
—20z;0(z;)(Alk;, ¢°) — Alk;, 9))]

Loy = 2p(z))k; Ak, ) Ak 6°) = 267572 A(k;, q) + ¢ Ay, )]
Loy = 2p(z) Alh;. ) Ak 4*) = Alky. )]

L &F (1= 20(z)2 [k, Ak, ) Ak;, ¢ )3 = k;) — K, (A(k;, ¢)> + 2 Ak, ¢*)*)
— g™ (1=2g")? 42757 2k, Ak q) = 34k q) + 34K, 7)) +
+24" (Al ) = Ay 47) = ki Ak, ¢7)]+
+ a1 = 20(z))k; Ak;, )2 Ak, @) + ki Alh;, ¢°) =3 4(K;, 4°)) -
=24k g™ (2h; = 3)+ 24" (i Aky, ¢7) = 2A(King) + Ak, g7) + 247 (1= 24 )]+
+24(k; q)g"" — ki AK; q)* = ¢* 7

Ly = (=20 )k Ak, ) Ak, ¢°) = 247 Alk;.q) + g7 Ak, 47)]

Lyg = —(1=20(z,) [ A(k; ¢°) = Ak, )T .
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3.3. Numerical results

We present the results of numerical calculations for the moment estimates and the ML estimates for the parameters

u, 0%, ¢ anda . The ML estimates are calculated according to the following algorithm.

Algorithm 2.
Step 1. The initial value of parameter 6 , 6, is set to the moment estimate.
Step 2. Set j=j+1 and update as follows.

Ut = g —Hﬁl(e(j))Vl(H(j)) )

For the pre-fixede > 0, if ‘Hi(j D _ Hi(j )‘ <eg,i=1,2,3,4, then the computation is stopped and the ML estimate is

found to be 6 = Y otherwise go to step 2.
The bias and the standard error of the (moment or ML) estimator 6 of the parameter @ are calculated with »

estimates HNI-, i=1,---,n,as follows, respectively.

5D

Jn

BIAS = 125, —-0, SE= (where SD? =L12(§,. —6)%).
no n—=1,

The results of the calculations fory =0, =1, ¢=0.7, a=+02,%0.5, + 0.7 and n = 10* are presented in the tables

below.

Table 1. Biases and standard errors in brackets for the moment and ML estimates of parameters with samples of size n = 25,

50, 100 and 150 from NGF (u, o%,q;a) inthe case when p=0,0=1,¢=07,a=02andn = 10"

Moment ML
n u c q a u o q a
0.0046  -0.0301 -0.0086 -0.0242 | 0.0024 -0.0257 -0.0073  0.0174
» (0.2022) (0.1452) (0.0526) (0.5410) | (0.2034) (0.1455) (0.0526) (0.5253)
0.0018  -0.0156  -0.0045  0.0124 | -0.0015 -0.0152 -0.0045  0.0077
Y (0.1423) (0.1001)  (0.0365) (0.4353) | (0.1405) (0.0998) (0.0365) (0.4132)
0.0005  -0.0087 -0.0021  -0.0068 | -0.0003 -0.0087 -0.0021 -0.0036
10 (0.0992) (0.0710) (0.0253) (0.3536) | (0.0992) (0.0710) (0.0253) (0.3086)
0.0002  -0.0049 -0.0012 -0.0028 | 0.0001  -0.0049 -0.0012 -0.0020
10 (0.0820) (0.0584) (0.0210) (0.2946) | (0.0820) (0.0584) (0.0210) (0.2522)
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Table 2. Biases and standard errors in brackets for the moment and ML estimates of parameters with samples of size n = 25,

50, 100 and 150 from NGF (u, o%.q;a) inthe case when pu=0,c0=1,4=0.7, a=-02andn = 10"

Moment ML
n u o q a u o q a
-0.0026  -0.0311 -0.0088 -0.0258 | 0.0018 -0.0313 -0.0089  0.0175
2 (0.2000) (0.1431) (0.0534) (0.6839) | (0.1938) (0.1430) (0.0534) (0.6531)
-0.0017  -0.0171 -0.0044  0.0132 | -0.0014 -0.0171 -0.0043  -0.0050
Y (0.1417) (0.1020) (0.0365) (0.4738) | (0.1421) (0.1020) (0.0365) (0.4294)
0.0006  -0.0072 -0.0017  0.0077 | -0.0004 -0.0072 -0.0017 -0.0026
10 (0.0995) (0.0713) (0.0254) (0.3506) | (0.0996) (0.0713) (0.0254) (0.3087)
0.0003  -0.0057 -0.0012  0.0017 | 0.0001 -0.0057 -0.0012  0.0001
10 (0.0804) (0.0580) (0.0205) (0.2896) | (0.0805) (0.0580) (0.0205) (0.2502)

Table 3. Biases and standard errors in brackets for the moment and ML estimates of parameters with samples of size n = 25,

50, 100 and 150 from NGF(u, o?.q;a) in the case when u=0,c=1,q=0.7, a=0.5andn = 10".

Moment ML
n H o q a u o q a
0.0031  -0.0299 -0.0086 -0.0888 | -0.0021 -0.0320 -0.0089  -0.0554
» (0.2024) (0.1448) (0.0526) (0.5464) | (0.2024) (0.1450) (0.0528) (0.5239)
0.0026  -0.0138  -0.0045 -0.0470 | 0.0022 -0.0155 -0.0046 -0.0219
Y (0.1421) (0.1016) (0.0366) (0.5066) | (0.1435) (0.102) (0.0369) (0.4974)
0.0008  -0.0072  -0.0017  0.0175 | -0.0005 -0.0072 -0.0017  -0.0087
10 (0.0998) (0.0716) (0.0236) (0.3506) | (0.0994) (0.0716) (0.0236) (0.3087)
0.0005  -0.0056 -0.0014 -0.0029 | 0.0001  -0.0056 -0.0014 -0.0018
20 (0.0816) (0.0585) (0.0208) (0.2735) | (0.0812) (0.0582) (0.0207) (0.2406)

Table 4. Biases and standard errors in brackets for the moment and ML estimates of parameters with samples of size n = 25,

50, 100 and 150 from NGF (, o%.q;a) inthe case when nu=0,0=1,9=0.7,a=-0.5andn = 10",

Moment

ML

n U o q a

Y7 o q a

0.0042  -0.0306 -0.0080 -0.0919
25

(0.1977) (0.1436) (0.0533) (0.5491)
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-0.0035
50
(0.1413)
0.0005
100
(0.0991)
0.0004
150
(0.0816)

-0.0159
(0.1015)
-0.0087
(0.0709)
-0.0048
(0.0580)

-0.0045  0.0156
(0.0367)  (0.4755)
0.0021  -0.0124
(0.0253)  (0.3268)
20.0012  0.094
(0.0205)  (0.2747)

-0.0019
(0.1415)
0.0002
(0.0988)
0.0002
(0.0812)

-0.0162  -0.0046  0.0136
(0.1020) (0.0367) (0.4463)
-0.0089  -0.0021  -0.0051
(0.0708)  (0.0253) (0.2899)
-0.0048  -0.0012  0.0035
(0.0580)  (0.0205) (0.2408)

Table 5. Biases and standard errors in brackets for the moment and ML estimates of parameters with samples of size n = 25,

50, 100 and 150 from NGF (u, 0.4, @) in the case when u=0,c=1,¢=0.7, a=0.7and n = 10,

Moment ML
n u c q a u o q a
-0.0032  -0.0321 -0.0081 -0.1529 | -0.0021 -0.0357 -0.0086 -0.1092
» (0.2011) (0.1434) (0.0526) (0.5148) | (0.2000) (0.1434) (0.0526) (0.4848)
0.0013  -0.0135 -0.0035 -0.0818 | -0.0004 -0.0154 -0.0038  -0.0488
Y (0.1423) (0.1001) (0.0362) (0.3776) | (0.1412) (0.0999) (0.0362) (0.3449)
0.0006  -0.0087 -0.0022 -0.0370 | -0.0002 -0.0094 -0.0022 -0.0178
100 (0.0992) (0.0708) (0.0253) (0.2871) | (0.0983) (0.0707) (0.0252) (0.257)
-0.0004  -0.0053 -0.0011 -0.0265 | -0.0001 -0.0056 -0.0011 -0.0119
20 (0.0819) (0.0582) (0.0206) (0.2440) | (0.0810) (0.0582) (0.0205) (0.2181)

Table 6. Biases and standard errors in brackets for the moment and ML estimates of parameters with samples of size n = 25,

50, 100 and 150 from NGF (u, o%,q;a) inthe case when p=0,0=1,¢=0.7, a=-0.7andn= 10"

Moment ML
n u c q a u o q a
-0.0044  -0.0301 -0.0083  0.1283 | -0.0036  -0.0327 -0.0086 -0.1026
» (0.2011) (0.1443) (0.0526) (0.5345) | (0.2001) (0.1444) (0.0526) (0.4738)
-0.0016  -0.0138 -0.0035  0.0823 | -0.0014 -0.0145 -0.0035  0.0483
¥ (0.1423) (0.1002) (0.0363) (0.3735) | (0.1402) (0.0999) (0.0362) (0.3324)
-0.0009  -0.0076  -0.0019  -0.0367 | -0.0002 -0.0080 -0.0018 0.0174
100 (0.0983) (0.0706) (0.0253) (0.2838) | (0.0973) (0.0704) (0.0253) (0.2550)
0.0008  -0.0049 -0.0011  0.0134 | 0.0003 -0.0052 -0.0011  0.0020
20 (0.0804) (0.0580) (0.0207) (0.2408) | (0.0798) (0.0579) (0.0207) (0.2131)
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IV. DATA ANALYSIS
As an application of the proposed distribution, we analyze data on the entrance grade level and weight (unit: kg) of 1250
male students who entered KUT in 2023. The 1250 male students were divided into 10 groups according to the low to high
order entrance grades. The number of individuals in each group is set to 125. The individual included in the ith (i=1, 2, -,

10) group is assigned a grade level i.

From the geometric distribution with parameter ¢=0.7, 50 samples are generated to find the individual frequencies
according to the grade levels. The frequencies for more than 10 grade levels are all included in the 10 grade level. The
frequencies obtained for grade levels 1 to 10 are shown in Table 7. Fortunately, in the generation run, the frequencies for

more than 9 grade levels are all zero.

Table 7. Individual frequencies according to the grade levels obtained based on 50 samples generated from a geometric

distribution with a parameter of ¢=0.7.

i (Grade
level) 1 2 3 4 5 6 7 8 9 10  Sum

ki (Frequency) 16 11 6 7 1 5 2 2 0 0 50

50 data of grade level and weight are constructed by randomly selecting 4; individuals from the ith group for i=1, 2,---, 10,

which are presented in Table 8.

Table 8. 50 data of grade level (k) and weight (x) constructed by randomly selecting k; individuals from the ith group for i =

1,..., 10.
No & x | No &k x | No &k x | No & x | No &k x
1 1 664 11 1 68921 2 57731 3 793|411 5 66.1
2 1 63712 1 68822 2 81432 3 612142 6 625
3 1 715013 1 71623 2 69933 3 64|43 6 655
4 1 63|14 1 65924 2 63534 4 646 44 6 703
5 1 66415 1 71 25 2 75935 4 65445 6 702
6 1 64916 1 64726 2 64536 4 66246 6 677
7 1 64517 2 71427 2 699| 37 4 702| 47 7 636
8 1 67818 2 70828 3 608|338 4 732148 7 6838
9 I 65|19 2 638[29 3 6439 4 59449 8 626
10 1 61720 2 72530 3 68740 4 666 50 8 658

The model for the data in Table 8 is assumed to be NGF (u, o?, p; &) and the parameters of the distribution are

estimated. The moment estimates of the parameters are calculated as follows:
H=67.0737, 6 =4.6089, ¢ =0.6644, o =—0.3089
Also, the ML estimates are obtained as follows:

[1=167.0868, 6 =4.6108, g=0.664, & =-0.2982

According to Proposition 2.3, plug-in estimators of the correlation coefficients corresponding to the moment and the ML
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estimators are calculated, respectively, as follows:

7 =-0.08535 , 7=-0.08239 .
Fig. 1 shows the conditional mathematical expectations (solid line) and the conditional upper and lower standard deviation
limits (dashed lines) of weight X with respect to the grade level K based on moment estimates (a) and maximum likelihood
estimates (b), respectively. Fig. 2 shows the conditional mathematical expectations (solid line) and the conditional upper and
lower standard deviation limits (dashed lines) of grade level K with respect to the weight X based on moment estimates (a) and

maximum likelihood estimates (b), respectively.

(a) (b)
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Fig 1. The conditional mathematical expectations (solid line) and the conditional upper and lower standard deviation limits

(dashed lines) of weight X with respect to the grade level K based on moment estimates (a) and maximum likelihood estimates
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Fig.2. The conditional mathematical expectations (solid line) and the conditional upper and lower standard deviation limits

(dashed lines) of grade level K with respect to the weight X based on moment estimates (a) and maximum likelihood estimates
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V. CONCLUSION
In this paper, the bivariate normal-geometric distribution with FGM copula has been proposed and its statistical properties
have been investigated. Since the absolute correlation coefficient of the distribution is less than 0.2821, it is a model for
continuous and discrete random variables with low correlation. The moment estimators for the parameters have been derived
and the ML estimation performed by the Newton- Raphson method has been described, and the numerical results have been

presented.

The distribution would be widely used as an efficient model for discrete-continuous data with low correlation. Replacing
the FGM copula with other copula is expected to obtain a model with higher correlation. Finally, we believe that our approach

could be extended to develop different multivariate continuous-discrete distributions.
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