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Abstract— The concept of metric space or b-metric space plays a significant role in proving the existence
theorem of solutions of differential equations or integral equations. A b-metric space is a generalization of a
metric space. In this paper, we propose a generalization of non-expansive maps and investigate the conditions
under which these maps have a common fixed point in b-metric spaces, and give examples illustrating our
results. Our results are a generalization of some previous results.
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I. INTRODUCTION

Since Banach’s contraction principle has been of great application value, there has been a great deal of research to generalize
it to date. The study of generalizing Banach’s contraction principle is largely bifurcated. One is a generalization of the space
structure in which the map is defined, and the other is a generalization of the contraction condition. Recently, there has been a
growing effort to generalize the fixed point theorem for some contractions in b-metric spaces, which is a generalization of
metric spaces (see e.g. [2]- [11]).

In [1], the fixed point theorem for generalized non-expansive mappings in complete metric space is introduced as follows.

Theorem1.1[2] Let S, T map complete metric space X into itself and let a function family a;(i =1,...,5) map X X X into
[0,1) satisfying

() r=sup{Zi,a;(xy):x,yEX}<1

(2) a; = az,a, = as

(3) Vx,y € X,

d(S(x),T(y)) <ad(x,y)+ azd(x,T(y)) + a3d(y,5(x)) + a4d(x,5(x)) + a;d(y, T(y))

where a; = a;(x,y). Then either S or T has a fixed point. In particular if both S and T have fixed points, then S and T
have unique fixed points respectively and these two fixed points coincide.

The above fixed point theorem introduced in [1] is of significant importance as it is a generalization of different kinds of fixed
point theorems. For instance, Banach’s fixed point theorem is that if S =T and a, = a; = a4, = a; = 0, then mapping T
has a unique fixed point. Kannan proved in [10] that if S =T and a; = a, = a3 = 0, then mapping T has a unique fixed
point and Reich proved in [11] thatif S =T and a, = a; = 0, then mapping T has a unique fixed point. Hardy and Rodger
proved in [7] that if S =T then mapping T has a unique fixed point and Gupta and Srivastava proved in [5] that if a; =
a, =az =0 and a, = as,then S and T have a unique common fixed point.
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As is shown above, the fixed point theorem introduced in [1] is of great importance as it includes various kinds of fixed
point theorem as a special case. However, to date, we have not studied the condition for these maps to have fixed points in the
b-metric space structure. Thus, generalizing this fixed point theorem to b-metric space, we can obtain a generalization of the
above-mentioned several fixed point theorems in b-metric space, and we can study the fixed point theorems in b-metric space
more extensively.

We generalize the contraction map introduced in [1] and present and prove a condition for these maps to have a unique
common fixed point in a b-metric space. We also present results and examples that show that our results are a generalization
of previous work.

II. MAIN RESULTS
The definition of a b-metric space is as follows.

Definition 2.1 ([6], [9]). Let X be a non-empty set and s > 1 be a given real number. d is called b-metric on X if the
function d: X X X = [0, 0) satisfies

(1) dx,y)=0=x=y
(2) d(x,y) =d(y,x)
(3) d(x,y) < s[d(x,z) + d(z,y)] (b-triangular inequality)
forall x,y,z € X. (X,d) is called a b-metric space with a parameter s.
Theorem 2.1 Let S,T be mappings with a parameter s = 1 that maps a complete b-metric space into itself and let function
family a;(i=1,..,5) map X XX into [0,1) satisfying

(1) r:=sup {a;(x,y) + sax(x,y) + az(x,y) +

+a,(x,y) +as(x,y)x,yeX}<1
(2) sa; =as, a4 = as
3) vx,yeX,
d(5(), T»)) < a1d(x,y) + a,d(x, TY)) + azd(y,S(x)) + a,d(x,5(x)) + asd(y, T(¥))

where a; = a;(x,y). Then either S or T has a fixed point. Especially if both S and T have fixed points then S and T
have unique fixed points and they coincide each other.

Proof. Let x5 € X, x3,41 = S(X20), Xon = T(X3n41),n = 0,1,2 .....
First let us prove that either S or T has a fixed point.

To this end, for an arbitrary n let us assume that x, # x,.,. If x, = x,,,1 then it is proved straightforward. From the
condition (3), we have

d(x1,x) = d(S(x0), T(x1)) < a1d(xg,x1) + a,d(xg, x5) + azd(xq, x1) + a,d(xy, x1) + asd(xq, x3)

= (aq + a,)d(xg, x1) + a,d(xg, x5) + asd(xq, x,)

By b-triangular inequality we have
d(xy,x;) < sd(xg,x1) + sd(xy, x5)
And so
d(x1,x,) < (ay +sa, + a,)d(xg, x1) + (sa, + as)d(xq, x;)
Thus we obtain
(1 —sa, —as)d(x;,x,) <
(ay +sa, + a)d(xg,x1) (1)

Note that we have

a1+Sa2+a4<T’—a3—a5 T‘—a3—a5

l-sa,—as  1—sa,—as 1—a;—ag

and by letting a; + as = x, we clearly have a; + a5 < g < 3 and for arbitrary x within [0,1/2]
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r—x<
<r
1—x

Accordingly we have % < r and by using (1) we obtain
—oU2—Us5

d(xq,x5) < rd(xg, 1)
Repeating this process gives
d(Xny2) Xns1) < 7d(Xny1, Xn)
Therefore
d(xny1,2%0) < 77d(x0,21)

Since <1, we have

Z d(xn+1!xn) <

n=0
Thus we can conclude that sequence of points {x,,} is cauchy sequence. By the completeness of (X, d), {x,} converges into
the point x of X. Since x, # x,,, for arbitrary n, either Xx,,,q # X or X,,,4 # X is satisfied for infinitely many n.
Without the loss of generality, assume that  x,,,4 # x for infinitely many n, i.e., there exist a subsequence {k(n)} of {n}
such that there exist a sequence {Xpxn)+1} satisfying

Xok(m)+1 * X
for arbitrary n.

Then, we have
d(x,T(x)) < sd(x, Xk (my+1) + Sd (xZR(n)+1, T(x))
= sd (%, Xakmy+1) + 5A(S (o), T (X)) )
From (2) it holds that
d (S(xZR(n)),T(x)) < a,d(Xax(ny, ¥)
+a,d (ka(n), T(x)) + asd (%, Xk my+1)
+a4d (%o, X2y +1) + asd (%, T(x))

< (o %) +2d (X2 TG))  3)

-
+d(x, Xormy+1) + d(Xarny Xormy+1) + Ed(?@ T(x))

for a; = a;(x,y) and taking the limit n — oo in (2) and (3), we have
d(x,Tx) < rd(x,Tx)
Since r < 1, we have x = Tx,i.e. T has unique fixed point.

Next, let x be the fixed point of S and y be the fixed point of T. Now we prove that x = y. If not, we can know that
by (3), with respectto a; = a;(x,y)

d(x,y) = d(S(), TM) < (ay +5a; + az)d(x,y) < d(x,y)

must hold. This is contradictory and thus x = y. So S and T have a common fixed point. The uniqueness of the common
fixed point is straightforward. O

Theorem 2.2 Let T be a mapping from complete b-metric space (X,d) into itself. Assume that there exist a symmetric
Sfunction family a;(x,v),a,(x,y),as(x,y) that maps X X X into [0,1) satisfying

) r=sup{(a;(x,y) + a,(x,y) + as(x,))} < 1
2) Vx,y € X,

d(T(), TM)) < a1d(x,y) + asd(x, T(0) + asd (v, T(¥))
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where a; = a;(x,y). Then mapping T has a unique fixed point.

Proof. For any x,y € X, from the condition (2) we have
d(T(x), T() < a1d(x,y) + ayd(x,T(x)) + asd(y, T(y))
d(T(y), T(x) < a:d(y,x) + a,d(y, T(¥)) + asd(x, T(x))

and therefore

a,+a
A1, 7)) < ad@y) + (2) d(x 1)
+(*5)d(y, ()
Thus if we set
a, +a a, +a
b1=a1,b2=0,b3=0,b4= 42 5‘52 42 5

then by (4) we obtain
d(T(x), T(¥)) < b1d(x,y) + bpd(x,T(y)) + b3d(y, T(x)) + byd(x, T (x)) + bsd(y, T(¥))
and
bi+s-by,+by+by+bs=0a,+a,+as<r
and the assumptions of theorem 1 are all satisfied. Therefore mapping T has a unique fixed point. O
Theorem 2.2 can be thought of as Reich’s fixed point theorem in h-metric space.
Furthermore, setting a; = 0 in the above theorem gives us Kannan’s fixed point theorem in b-metric space.
Example 1. Let X ={0,1,2} and d: X X X — [0, ) be defined as
d0,1) =d(1,0) =1

d(0,2) =d(2,0) =

d(1,2) =d(2,1) =

ull w U] -~

d(0,0) =d(1,1) =d(2,2) =0

“)

It can be easily seen that metric space (X, d) isacomplete b-metric space with the parameter s = Z. Let us define the mapping

T:X - X tobe
T0)=0,T(1)=2T2)=0

1 3
and set a; = a4 = as =Z.Thenwehave ata,tas=;< 1 and

IA

1 3
d(r©),T() = d(0,2) =z < ;- (1 40+ g) = a;d(0,1) + a,d(0,T(0)) + asd(1, T(1))

1 1
: (— 40+ —) = 4,d(0,2) + a,d(0,T(0)) + asd(2, T(0))

d(T(0),T(2)) =d(0,0) =0 5 =

IA

d(T(1),T(2)) =d(2,0) =

IA
N A e

1
+ ) = ad(1,2) + a,d(1, (1)) + asd (2, T(2))

5

vl w
+
ul|l W

N

ul]

Thus by theorem 2.2, T has a unique fixed point.

Example 2. Let X =[0,1] and d:X X X — [0,) be defined as d(x,y) = |x — y|?. It is easily seen that (X,d) is a b-

metric space with s = 2. Forany x € X, letus define T as Tx = E andset a; = a4, = as = %. Then we have

3
a1+a4+a5=§<1

Furthermore, for Vx,y € X, we obtain
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x y?2 1 1 1 x2 1 v?
d(r@.Tm) =[;-3| =g~y sgl—yl+gl-3 +5p -7
= ald(xvy) + a4d(x,T(x)) + an(y!T(y))

Thus, from theorem 2.2, mapping T has a unique fixed point.

III. CONCLUSIONS
We generalized the condition of fixed point theorem introduced in [1] and presented and proved the condition for it to hold
in b-metric space. Our results are an improvement and generalization of some previous fixed point results in complete metric
space and b-metric space, such as [1], [4], [7].
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